ANALYTIC TORSION FOR CALABI-YAU THREEFOLDS 
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Abstract. After Bershadsky-Cecotti-Ooguri-Vafa, we introduce an invariant 
of Calabi-Yau threefolds, which we call the BCOV invariant and which we ob- 
tain using analytic torsion. We give an explicit formula for the BCOV invariant 
as a function on the compactificd moduli space, when it is isomorphic to a pro- 
jective line. As a corollary, we prove the formula for the BCOV invariant of 
quintic mirror threefolds conjectured by Bershadsky-Cecotti-Ooguri-Vafa. 



Contents 

1. Introduction 

2. Calabi-Yau varieties with at most one ordinary double point 

3. Quillen metrics 

4. The BCOV invariant of Calabi-Yau manifolds 

5. The singularity of the Quillen metric on the BCOV bundle 

6. The cotangent sheaf of the Kuranishi space 

7. Behaviors of the Weil-Petersson metric and the Hodge metric 

8. The singularity of the BCOV invariant I - the case of ODP 

9. The singularity of the BCOV invariant II - general degenerations 

10. The curvature current of the BCOV invariant 

11. The BCOV invariant of Calabi-Yau threefolds with h 1 ' 2 = 1 

12. The BCOV invariant of quintic mirror threefolds 

13. The BCOV invariant of FHSV threefolds 

1. Introduction 

In the outstanding papers 0, Bershadsky-Cecotti-Ooguri-Vafa made a deep 
study of the generating function F g of genus-<? Gromov-Witten invariants for Calabi- 
Yau threefolds. One mathematical surprise, which they obtained from physical 
arguments, is a system of holomorphic anomaly equations satisfied by the functions 
F g , g > 1. From the holomorphic anomaly equations, they obtained a conjectural 
explicit formula for F g of a general quintic threefolds in P and thus they extended 
the mirror symmetry conjecture of Candelas-de la Ossa-Green-Parkes |14j . 

By focusing on the genus- 1 holomorphic anomaly equation, they conjectured 
that Fi of a Calabi-Yau threefold is expressed as a certain linear combination of 
the Ray-Singer analytic torsions (cf. ^3], of its mirror Calabi-Yau threefolds. 
After Bershadsky-Cecotti-Ooguri-Vafa, we call the linear combination of Ray-Singer 
analytic torsions in [7] the BCOV torsion, which is the main subject of this paper. 
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named author is partially supported by NSF Career Award DMS-0347033 and the Alfred P. Sloan 
Research Fellowship; the third-named author is partially supported by the Grants-in-Aid for Sci- 
entific Research for Encouragement of Young Scientists (B) 16740030, JSPS. 
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By making use of the curvature formula for Quillcn metrics Bershadsky- 
Cecotti-Ooguri-Vafa obtained a variational formula for the BCOV torsion of Ricci- 
flat Calabi-Yau manifolds [7|. Fang-Lu ^7] expressed the variation of the BCOV 
torsion of Ricci-flat Calabi-Yau manifolds as a linear combination of the Weil- 
Petersson metric p>2] and the generalized Hodge metrics which led them to 
some new results on the moduli space of polarized Calabi-Yau manifolds. 

On the other hand, as a consequence of the duality in string theory, Harvey- 
Moore conjectured that the BCOV torsion of certain Ricci-flat Calabi-Yau 
threefolds is expressed as the product of the norms of the Borcherds ^-function 
|13j and the Dedekind 77- function. Their conjecture was proved by Yoshikawa |60j . 
In his proof, an invariant of K3 surfaces with involution, which he obtained using 
equivariant analytic torsion [H] and a Bott-Chern class played a crucial role. 

In this paper, we extend the constructions of Bershadsky-Cecotti-Ooguri-Vafa 
and Yoshikawa to introduce a new invariant of Calabi-Yau threefolds, which we 
call the BCOV invariant, and we get an explicit formula for the BCOV invariant 
as a function on the compactified moduli space when it is isomorphic to P . As 
a corollary of our formula, we prove one part of the conjecture of Bershadsky- 
Cecotti-Ooguri-Vafa concerning the BCOV torsion of quintic mirror threefolds. Let 
us explain our results in more details. 

Let X be a Calabi-Yau threefold. Let g be a Kahler metric on X with Kahler 
form 7. We set X = (V, 7). Let t(X, fl x ) be the Ray-Singer analytic torsion of 
n p x = A P T*Y with respect to g. We define the BCOV torsion of X as 

Tbcov(x) = l[T(x,n x )^ p p. 

p>0 

Let {ei, . . . , eft 2 (x)} be an integral basis of H 2 (X, Z)/Torsion. By Hodge theory 
and the Lefschetz decomposition theorem, H 2 (X, R) is equipped with the i 2 -metric 
(•, -) L 2 [ 7 ], which depends only on the Kahler class [7]. We define 

Vol L 2(if 2 (Y,Z), [7]) = dot ((e 4 ,e J ) i 2 ![7] ) 1 ^ i ^ b2(x) , 

which is independent of the choice of an integral basis of H 2 (X, Z) /Torsion. 

Let r\ be a nowhere vanishing holomorphic 3-form on X. Let c^{X, 7) be the top 
Chern form of (TX,g). We set Vol(Y, 7 ) = (2tt)- 3 J x j 3 and X (X) = f x c 3 (X,j). 
We define 

A(X) = Vol(V,7)^ exp 



1 r fV^hM Voh%7)^ ( Y \ 

which is independent of the choice of r\. We define the real number tbcov(V) as 

tbcov(V) = Vol(V, 7 )- 3 Vo\ L 2{H 2 (X,Z), [7])- 1 A(X) T BC ov(X). 

In Sect. 4.4, we show that tbcov(V) is independent of the choice of 7. Hence 
tbcov(AT) is an invariant of X, which we call the BCOV invariant. The purpose of 
this paper is to study tbcov as a function on the moduli of Calabi-Yau threefolds. 

Let X be a (possibly singular) irreducible projective fourfold. Let tt : X — > P 1 be 
a surjective flat morphism with discriminant locus T>. Let tp be the inhomogeneous 
coordinate of P 1 , and set := 7r _1 (-0) for ip £ P 1 . We assume the following: 

(i) I? is a finite subset of P 1 such that 00 S T> and T> \ {00} ^ 0; 

(ii) X^, is a Calabi-Yau threefold with h 2 {fl x ) = 1 for tp e P 1 \ V; 
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(iii) SingX,/, consists of a unique ordinary double point (ODP) for ip € T> \ {00} ; 

(iv) Sing(A') n Xoa = and Xqq is a divisor of normal crossing. 

Under these assumptions, the relative dualizing sheaf K x /pi is locally free on X, 
and its direct image sheaf ir*K x / F i is locally free on P 1 . 

For if) G P 1 \ {00}, let (Def(X^), [X^]) be the Kuranishi space of X^. Since 
X^ is Calabi-Yau, dimDef(X v ,) = 1. We identify (Def(X,/,), [X^]) with (C,0) by 
the smoothness of the Kuranishi space (cf. [SI], |HH])- Let (P 1 ,^) — ► 

(Dei(X^), \X^\) be the map of germs that induces the family 7r: X — > P 1 near rp. 
The ramification index r(ijj) of it: X — > P 1 at V> g P 1 is defined as the vanishing 
order of /z^ at ?/). Let be the set of points of P 1 with ramification index 

> 1, and write V \ {00} = {Dk}keK ■ We set rj — r(Rj) for j £ J and r% — r{Du) 
for k e K. 

Outside PU {Rj}j^j, TP 1 is equipped with the Weil-Petersson metric. Let || ■ | 
be the sing ular Hermitian metric on (7r*Jf#/]pi)® (48+ * ) <8> (TP 1 )* 2112 induced from 
the L 2 -metric on ir^Kx/r 1 and from the Weil-Petersson metric on TP 1 . 

Main Theorem 1.1. Let S be a meromorphic section of tt*K x /v 1 with 
div(S) = 2_j mi ft + m °° p °° (* e 

Identify the points Pi,Rj,Dk with their coordinates ip(Pi),?p(Rj),ijj(Dk) S C, re- 
spectively. Set \ — x(-^v)> "0 ^ P 1 \ 2?. TTien i/iere exists C € R>o s«c/i i/iai 



tbcov(^v) — C 



iei,jeJ,keK yY 11 KY 3) v r 



As a corollary of the Main Theorem 1.1, we give a partial answer to the conjecture 
of Bershadsky-Cecotti-Ooguri-Vafa, which we explain briefly (cf. Sect. 12). 
Let p : X — > P 1 be the pencil of quintic thrccfolds in P 4 defined by 

X := {([«], V) e P 4 x P 1 ; 4 + 4 + 4 + 4 + 4^ z oZl z 2 Z3Z A = 0}, p = pr 2 . 

Let Z 5 be the set of fifth roots of unity and define 

G := {(ao, 01, a,2, a 3 , 04) € (Z5) 5 ; a aia 2 a 3 a4 = 1}/Z 5 (1, 1, 1, 1, 1) = Zf . 

We regard G as a group of projective transformations of P . Since G preserves the 
fibers of p, we have the induced family p : X /G — > P 1 . Let I? be the discriminant 
locus of the family p: X — > P 1 . By j^H], there exists a resolution q: W — > A"/G 
such that Wip = q 1 {X 1 p) is a smooth Calabi-Yau threefold for tjj E P 1 \ T> and 
such that SingW^, consists of a unique ODP if ip 5 = 1. The family of Calabi-Yau 
threefolds 7r: W — * P 1 is called a family of quintic mirror threefolds. 

After Candelas-de la Ossa-Green-Parkes |T2], Tr^Xyy/pi and TP 1 are trivialized 
as follows near ip = 00. For ip G P 1 \ I? , we define a holomorphic 3-form on X^ by 

n ^{-^) dF,(z)/dz 3 ■ 

Since fi^ is G- invariant, fiy induces a holomorphic 3-form on X^/G in the sense 
of orbifolds. We identify with the corresponding holomorphic 3-form on X^/G, 
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and we define a holomorphic 3-form on W^p as ^ — <?^v- We define 

°° (5n)! 



Then 7T* ifyy/pi is trivialized by the local section S^/yo(ip) near ip = 00. 

Let g be the coordinate of the unit disc in C. We identify the parameters 
?/> 5 and q via the mirror map |14| . Then TP 1 is trivialized by the local section 
qd/dq = q (dtp/dq) d/dip near ip = 00. (See Sect. 12.) 

We define a multi- valued analytic function Fl°jg(ip) near 00 € P 1 as 

62 



and a power series in q as Fl°X(q) = F^(ip(q)). The conjectures of Bershadsky- 
Cecotti-Ooguri-Vafa [7] can be formulated as follows: 

Conjecture 1.2. (A) Let N g (d) be the genus-g Gromov-Witten invariant of degree 
d of a general quintic threefold in IP 4 . Then 

d 1 E*>P/ A 50 AT tJ\ 2nd 1 nd AT (AS U t_ 

y n,d=l 1 d=l y H ' 

(B) The following identity holds near ip = 00: 
tbcov (W^) = Const 



1 / \ fa 



In Sect. 12, we prove the following: 
Theorem 1.3. The Conjecture 1.2 (B) holds. 

For the remaining Conjecture 1.2 (A), see Li-Zinger In ^S], we shall study 
the BCOV invariant of Calabi-Yau threefolds with higher dimensional moduli and 
the BCOV torsion of Calabi-Yau manifolds of dimension greater than 3. 

Let us briefly explain our approach to prove the Main Theorem 1.1. We follow the 
approach in |SU]. Let Owp be the Weil-Petersson form on P 1 \ V, and let RicOwp 
be the Ricci-form of Hwp- By |37], the (1, l)-forms J7wp and Ricfiwp have 
Poincare growth on P 1 \ V, so that they extend trivially to closed positive (1, 1)- 
currents on P 1 (cf. Sect. 7.3). We identify f^wp and Ricf^wp with their trivial 
extensions. For a divisor DonP 1 , let Sd denote the Dirac ^-current on P 1 associated 
to D. Regard tbcov as a function on P 1 \T>. By making use of the Poincare-Lelong 
formula, the Main Theorem 1.1 is deduced from the following: 

Claim 1.4. Set T>* — ^2 keK ru D^. Then there exists s£l such that 

(1.1) AfTogTBcov = - + 4 ) ^wp - Ric^wp + g fe* + a^oo- 
We shall establish Claim 1.4 as follows: 

(a) By making use of the curvature formula for Quillen metrics of Bismut-Gillet- 
Soule |11| . we prove the variational formula like (1.1) for an arbitrary family of 
Calabi-Yau threefolds. As a result, we get Eq. (1.1) on the open part P 1 \ T>. 
More precisely, we introduce a Hermitian line, called the BCOV Hermitian line, for 
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an arbitrary Calabi-Yau manifold of arbitrary dimension, which we obtain using 
determinants of cohomologies [2E], Quillen metrics Ell) an d a Bott-Chern 

class like -4(-). Then the BCOV Hermitian line of a Calabi-Yau manifold depends 
only on the complex structure of the manifold. The Hodge diamond of Calabi- 
Yau threefolds are so simple that the BCOV Hermitian line reduces to the scalar 
invariant tbcov m the case of threefolds. Hence Eq. (1.1) on P 1 \T> is deduced from 
the curvature formula for the BCOV Hermitian line bundles. (See Sect. 4). 

(b) To establish the formula for logrecov near T>, we fix a specific holomorphic 
extension of the BCOV bundle from F 1 \T> to P 1 , which we call the Kahler extension. 
(See Sect. 5.) Since tbcov is the ratio of the Quillen metric and the L 2 -metric on 
the BCOV bundle, it suffices to determine the singularities of the Quillen metric and 
the L 2 -metric on the extended BCOV bundle. We determine the singularity of the 
Quillen metric on the extended BCOV bundle with respect to the metric on TX/F 1 
induced from a Kahler metric on X. The anomaly formula for Quillen metrics of 
Bismut-Gillet-Soule ^I] and a formula for the singularity of Quillen metrics [Sj, 
[fH] play the central role. (See Sect. 5.). 

(c) By the smoothness of Dei(X t p) at tp € V* 03, 0], tne behavior of the 
L 2 -metric on the extended BCOV bundle near V* is determined by the singularity of 
f]\VP near T>* , which was computed by Tian |54|. (See Sects. 6, 7, 8.) To determine 
the behavior of the L 2 metric on the extended BCOV bundle at ip = oo, one may 
assume that ir: X — > P 1 is semi-stable at ip = oo by Mumford [23 . We consider 
another holomorphic extension of the BCOV bundle, i.e., the canonical extension 
in Hodge theory 0HJ- With respect to the canonical extension, the L 2 -metric has 
at most an algebraic singularity at ip — oo by Schmid |48| . Comparing the two 
extensions, we show that the L 2 -metric has at most an algebraic singularity at 
ip = oo with respect to the Kahler extension. (See Sect. 9.) By the residue theorem 
and assumption (ii), the number a in Eq. (1.1) is determined by the degrees of the 
divisors T>* , div(S'), Y^jej( r i ~ (^ee Sect. 11.) 

This paper is organized as follows. In Sect. 2, we recall the deformation theory 
of Calabi-Yau threefolds. In Sect. 3, we recall the definition of Quillen metrics and 
the corresponding curvature formula. In Sect. 4, we introduce the BCOV invariant 
and prove its variational formula. In Sect. 5, we study the boundary behavior of 
Quillen metrics. In Sect. 6, we study the boundary behavior of Kodaira-Spencer 
map. In Sect. 7, we study the boundary behavior of the Weil-Petersson metric and 
the Hodge metric. In Sects. 8 and 9, we study the boundary behavior of the BCOV 
invariant. In Sect. 10, we extend the variational formula for the BCOV invariant 
to the boundary of moduli space. In Sect. 11, we prove the Main Theorem. In 
Sect. 12, we study a conjecture of Bershadsky-Cecotti-Ooguri-Vafa. In Sect. 13, we 
study a conjecture of Harvey-Moore. 
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Tian for helpful discussions, and his special thanks are due to Professor Jean-Michel 
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2. Calabi-Yau varieties with at most one ordinary double point 
2.1. Calabi-Yau varieties with at most one ODP and their deformations 

2.1.1. Calabi-Yau varieties with at most one ODP. Recall that an n-dimensional 
singularity is an ordinary double point (ODP for short) if it is isomorphic to the 
hypersurface singularity at £ C" defined by the equation Zq + • ■ • + z\ = 0. 

Definition 2.1. A complex projective variety A of dimension n > 3 satisfying the 
following conditions is called a Calabi-Yau n-fold with at most one ODP: 

(i) There exists a nowhere vanishing holomorphic n-form on A reg = X \ Sing(A); 

(ii) X is connected and H q (X, Ox) = for < q < n; 

(iii) The singular locus Sing(A) consists of empty or at most one ODP. 

Throughout this paper, we use the following notation: For a complex space Y, 
let 0y be the tangent sheaf of Y, let f2 Y be the sheaf of Kahler differentials on 
Y, and let Ky be the dualizing sheaf of Y. The sheaf f2 y is defined as /\ p il Y . 
On the regular part of Y, the sheaves Qy, il Y , Ky are often identified with the 
corresponding holomorphic vector bundles TY, /\ P T*Y, det T*Y", respectively. 

We set A{r) := {t £ C; \t\ < r} and A(rf := A{r) \ {0} for r > 0. We write A 
(resp. A*) for A(l) (resp. A(l)*). 

Since an ODP is a hypersurface singularity, the dualizing sheaf of a Calabi-Yau 
n- fold with at most one ODP is trivial by (i). 

2.1.2. Deformations of Calabi-Yau varieties with at most one ODP. Let X be a 
Calabi-Yau n-fold with at most one ODP. 

Definition 2.2. Let (5, 0) be a complex space with marked point and let X be a 
complex space. A proper, surjective, flat holomorphic map tt : X — > 5 is called a 
deformation of X if 7r _1 (0) = X. If X and 5 are smooth and if a general fiber of 
tt: X — ► 5 is smooth, the deformation tt: (X,X) — ► (5, 0) is called a smoothing of 
X . If there exists a smoothing of A, A" is said to be smoothable. 

We refer to |401 Example 5.8] for an example of a non-smoothable Calabi-Yau 
threefold with a unique ODP as its singular set. 

Since H°(X,Qx) = (cf. [201 pp.432, 1.23]), there exists a deformation germ 
p: (3c., X) — » (Def(X), [X]) of A with the universal property: Every deformation 
germ tt: (X, X) — * (S, 0) is induced from p : X — > Def (X) by a unique holomorphic 
map /: (5,0) — > (Def(X), [X]). This local universal deformation of A is called the 
Kuranishi family of A. The Kuranishi family is unique up to an isomorphism. The 
base space (Def(X), [X]) is called the Kuranishi space of A. By p3*j - 0], 

[KB] . Def(A) is smooth. We denote by TD e f(x),[x] the tangent space of Def(A) at 
[A]. See ^B], |22| . [3*2] for more details about the Kuranishi family. 

For a deformation 7r: (X,X) — > (5,0), the fiber A s (s S 5) is a Calabi-Yau 
n-fold with at most one ODP if s € 5 is sufficiently close to (cf. [313 Prop. 6.1], 
[Igl Prop. 4.2]). 

In the rest of Subsection 2.1, we assume that A is a smoothable Calabi-Yau 
n-fold with at most one ODP. Let ir: (X, A) — > (5, 0) be a smoothing. The critical 
locus of 7r is defined by 

:= {x € A"; cJtTj; = 0}. 
The discriminant locus of 7r : <Y — > 5 is the subvariety of 5 defined by 
V := tt(S t ) = {s E 5; Sing(A s ) ? 0}. 
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Lemma 2.3. Let N + 1 = dim 5. For p 6 Sing(X), there exists a neighborhood 
V p A n+1 x A N ofpmX such that 

n\v p (z, w ) — i z o H h ■ ■ ■ ,Wff), z=(z ,...,z n ), w = (wi, . . . , w N ). 

In particular, if Sing(JT) ^§,T> is a divisor of S smooth at 0. 

Proof. Let p € Sing(X). Let s = (so,...,Sjv) be a system of coordinates near 
0e5. By e.g. [213 pp.103, (6.7)], there exists f p G ©5,0 such that 

Oa> = Oc"+ 1 xS,(0,0)/(^0 + + ip( s )), T(^)S) = s - 

Since X is smooth, we get df p (0) ^ 0. Hence we can assume that f p (s) = so after 
a suitable change of the coordinates of 5. □ 

2.1.3. The Kodaira- Spencer map. For a smoothing 7r: (X,X) — ► (5,0), the short 
exact sequence of sheaves on X 

— > 7T*^| X — > n^u — > — » 

induces the long exact sequence: 
►Hom 0x (7r*fi£|x,Ox) -^ExtJ, x (^,O x ) ^ Ext^ x (^| x ,Ox) — > ■■■ 

Definition 2.4. The Kodaira- Spencer mapoiir: (X, X) (S, 0) is the coboundary 
map 

Po : T S = Hom 0x (7r*^|x, X ) - Ext^ x (fi x , O x ). 

Proposition 2.5. T/ie Kodaira-Spencer map p\x] '■ 7bcf(x).[x] — * ExtJ, x (J7 X , X ) 
/or i/ie Kuranishi family of X is an isomorphism. 

Proof. See j2S], ESI, ESI, El, ESI- □ 

Let 

r: Ext^(O x ,0 x ) 9 « - «| Xreg e Ext^(Q^ reg ,Ox reg ) = ^(X^O*) 

be the restriction map. Since n > 3, r: Ext^ x (fl x , O x ) — > iJ 1 (X rcg ,0 x ) is an 
isomorphism by [33 Th. 2] and (Pj Prop. 1.1]. 

Lemma 2.6. Under the natural identification H°(X YCg ,ir*®s\x TCS ) — TqS via tt, 
the composition r o p : TqS — > _ff 1 (X reg ,O x ) is i/ie coboundary map of the long 
exact sequence of cohomologies associated with the short exact sequence of sheaves 

(2.1) — > e Xreg — > e*| XrBg — > ^e s | Xrog — » o. 

Proof. The commutative diagram of the short exact sequences of sheaves 

► n*ii l s \ x ► n^ix ► n x ► 



u > T "Sl-^rcg * ^X\X rcs > " X |Y rog — 

induces the commutative diagram of exact sequences 

► Romo x (^*^s\x,Ox) ► E^t 1 0x (n x ,O x ) 

► ttom 0x (K*nl\x tBS ,Ox T J > Ext 1 0x (n x ,0 Xr , 
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where the first (resp. second) vertical arrow is isomorphic by the normality of 
Sing(X) (resp. P2] Prop. 1.2]). Since 7r*^s|x rcs , ^x\x IO& , Q x are locally free, 
the second line is the long exact sequence of cohomologies associated with (2.1). □ 

Lemma 2.7. Suppose X is smoothable. Then the Kuranishi family of X is a 
smoothing of X . 

Proof. Since the assertion is obvious when X is smooth, we assume that X has a 
unique ODP p. Since X is smoothable, a general fiber of the Kuranishi family of 
X is smooth. We must prove the smoothness of the total space X of the Kuranishi 
family of X. Since Sing(X) = {p}, it suffices to prove the smoothness of X at p. 

Let Defpf.p) = (C,0) be the Kuranishi space of the ODP (X,p) (cf. [22 
Chap. 6 C]). The universal deformation of X induces a holomorphic map of germs 
/: Def (X) — > Def (X,p). The existence of a smoothing of X implies the surjectivity 
of the differential of / at [X] . Hence / may be regarded as a part of a system of 
coordinates of Def (X) at [X]. Since 

(2-2) X ,p = £ , C" + 1 xDcf(X),(0,[A'])/(^0 H 1" z n + /) 

by e.g. |331 pp.103, (6.7)], this implies the smoothness of X at p. □ 

Let p: (X,X) -> (Def(X), [X]) be the Kuranishi family of X. 

Proposition 2.8. There exist a pointed projective variety (B,0), a projective va- 
riety 3, and a surjective flat holomorphic map f : 3 B such that the deformation 
germ f : (3,/ _1 (0)) -> (B, 0) is isomorphic to p: (X, X) -> (Def(X), [X]). In 
particular, the map p: X — > Def(X) is projective. 

Proof. See gOl pp.441, 1.7-1.12]. □ 

2.1 A. The Serre duality for Calabi-Yau varieties with at most one ODP. Let 

(;■): H n -\X,n x ®K x ) x Ext 1 0x (Sl) c ®K x ,Kx) -> H n (X,K x ) = C 

be the Yoneda product. Since X is compact, the Yoneda product is a perfect pairing 
by P Th. 4.1 and Th. 4.2]. Hence we get by Proposition 2.5 

H n ~Hx,n x ®K x ) = ^t 1 0x (n x ®K x ,K x y = (r DefW>[x] ) v = fi Def(x) , [jq . 

If X is smooth, then Ext^ (£l x ® K x , K x ) — H X (X, Q x ) and the Yoneda product 
is given by the ordinary Serre duality pairing P Th.4.2]. 

Let -ff™ -1 (X reg , £l x ® i^x) be the cohomology with compact support. 

Lemma 2.9. T/ie natural map H^ 1 (X Icg , n x ®K x ) -> fl""- 1 (X reg , Q^®iTx) is 
an isomorphism. Under this isomorphism, the Yoneda product (■, •) coincides with 
the Serre duality pairing on the regular part of X : 

Hl l -\X rcg , ft], ® Ifjc) X ff^Yrcg, 9 X ) - #"(^reg, #x) = C. 

Proof. Since Ext^ x (tt x ,O x ) = Extjj^ (fi Xreg , C Xrcg ) by 54, Prop. 1.1], the Serre 
duality for open manifolds P Th. 4.1 and Th.4.2] yields that 

H n -\X,Sl x ®K x ) = Ext^ x (0^,Ox) v = Ext^ Xreg (n^ eg ,Ox reg ) = Jir 1 (*» g >«x®*» 
and that the Yoneda product pairing 

H™-\X^, n x <g> Kx) x Ext^ Xro (fi^ reg ® X x , X x ) -» #"(Y rcg , Xx) 
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is perfect. Since X lcg is smooth, Ext 0x (^x rog ® Kx,Kx) = H 1 (X Icg , Q x ) and 
the Yoneda product pairing (•, •) coincides with the Serre duality pairing. □ 

2.2. The locally-freeness of the direct image sheaves: the case n = 3 

Let n > 3. Let X be a smoothable Calabi-Yau n-fold with at most one ODP. 
Let tt: (X,X) -> (5,0) be a smoothing of X. Set n l x/s := Vt x /ir*Q, l s . 

Lemma 2.10. The sheaf fl x ^ s is a flat Os-module. 

Proof. Since ^ X / S x = O x m x for x E X \ it suffices to prove the assertion for 
x e Let (2),o) (Def(Ai),0) ^ (C,0) be the Kuranishi family of an ODP 
o. There exists a map /: (S,tt(x)) — > (Def(Ai),0) such that (A 7 , a;) — * (S 1 , 7r(x)) is 
induced from (2},o) -> (Def(Ai),0) by /. Let p: X = % x Dcf(Al) S -> 2) be the 
projection. Since ^^/5 ^ = /Def(^ii)' ^ ne assertion follows from the fact that 
n h/Dcf(A 1 ),o is a flat PDrf(Ai),o-n>odulfi (cf. Ell P- 13, 1. 28-p. 14, 1.1]). □ 

Let us consider the case S = Def(X). Let p: (X, X) -> (Def(X), [X]) be the 
Kuranishi family of X . 

Theorem 2.11. If n = 3, i/ie function Def(Y) 3s-» h q (X s , 51^- ) G Z is constant 
for all q > 0. /n particular, R q P*^x/ricf( X ) * s a ^ oca ^U f ree O^ c i^ x yraodule on 
Def(X) /or allq>0. 

The proof of this theorem is divided into the four lemmas below. 

Lemma 2.12. If n > 3, t/ie function Def(X) 9 s -> /i™" 1 ^, Q^J e Z is con- 
stant. In particular, R n ~ P*^x/Oef(X) * s a locally free Orj c f(x)~ moc ^ e 071 Def(X). 

Proof. Since JT X — Ox, we have 

2bef(jc),[jc] = Ext^(O x ,Ox) - Ext^(^ x ® & X ,K X ) = H n ~ x {X,Kx ®^ X Y , 

where the first isomorphism follows from Proposition 2.5, the second equality follows 
from the triviality of Kx, and the third equality follows from the Serre duality 
|24l Chap. Ill Th. 7.6 (b) (hi)]. Notice that we can apply the Serre duality to X, 
because X has at most one ODP and hence X is Cohen-Macaulay |21 Chap. II 
Th.8.21, Prop. 8.23]. Since K x = O x , we get h^^X,^) = dimT Def(x))[x] . The 
smoothness of Def(X) at [X] implies that the function on Def (X) 

Def(X) 3 s -» dimT Def(x);S = dimT Dcf(Xa) , [Xs] = h n -\X s ,n Xs ) e Z 

is constant, for the Zariski tangent space coincides with the usual tangent space for 
smooth varieties. Notice that the first equality dimTrj e f(x). s = dimTrj c f(x s ),[x s ] 
follows from ^5] Sect. 8.2]. Since ^x/Bci( X ) * s a na * De f(x) -module by Lemmas 
2.7 and 2.10, R n ~ X pM x/r)e nx) is locally free by P Chap. 3, Th. 4.12 (ii)]. □ 

Lemma 2.13. If n = 3, then h 3 (X s , ) — f or a ^ s £ Def(X). In particular, 

R ^*^x/T)ef(X) = ®- 

Proof. See gjjj p. 432, 1.23]. □ 

Lemma 2.14. If n = 3, the function Def(X) 3s-> /i 1 (X s ,rj^- ) e Z is constant. 
In particular, -R 1 p*^^/rj e f(jf ) * s a l° ca My f ree @Def( X )- module. 
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Proof. Since ^\/Dcf(x) ^ s a na, t CDcf(x) _m odule, the function Def(X) 3 s —> 
X(X s ,n x ) £ Z is constant, where x(Xs,^x ) denotes the Euler characteristic 
of 0, x . Since h q (X s , H-xJ 1S independent of s £ Def(X) for all q ^ 1 by Lemmas 
2.12 and 2.13, this implies that h}(X a ,Sljr ) is independent of s £ Def(X). □ 

Lemma 2.15. If n = 3, then R p*Q,£ is locally free. Moreover, the restriction map 
i? 1 p*fi^ — > R P*^x/T»ei(x) * s an isomorphism of Ovcf^xj-modules. 

Proof. Set N := dimDef(X). The short exact sequence of sheaves on X 

— * O® N = P*firJef(X) — * — * ^X/Dcf(X) — * 

induces the long exact sequence of direct images 

• • • — ► R p*p*0 Def(x) — ► p*O x — ► P*%/Def(x) — * -R 2 P*P*^Dcf(x) — * ' ' ' 

Since flVl^Def^) = (^P.O*)®" = and i? 2 p*p*fi^ f(x) = (iJ 2 p,O s ) fflJV = 
by Definition 2.1 (ii), the second assertion follows from the above exact sequence. 

By the same argument as above, we see that the restriction map i? 1 (X s , fi^lx,,) — > 
iZ" 1 (-Xg,Oj£ ) is an isomorphism for all s £ T)ei(X). Hence h}(X s ,fl^\x e ) is inde- 
pendent of "s £ Def(X) by Lemma 2.14. This, together with [H Chap. 3, Th.4.12 
(ii)] proves the first assertion. □ 

Theorem 2.11 follows from Lemmas 2.12, 2.13, 2.14, and 2.15. □ 

Let H 2 (X,Z) Bcf(X ) be the constant sheaf on Def(X) with stalk H 2 (X,Z). By 
[401 Prop. 6.1], i? 2 p*Z is isomorphic to the constant sheaf H 2 (X, Z)rj e f(j>s:)- 

Since R 1 p*Ox = R 2 p*Ox = by Definition 2.1 (ii), the exponential sequence 
on X induces the exact sequence of direct images 

(2.3) o = R x p»O x — -> E x p*OJ — =-> i? 2 p*Z — » i? 2 p*C3e = 0. 

For a holomorphic line bundle C £ H 1 (X,0'^), the Dolbeault cohomology class 
of the Chern form ci(£, /i) £ iJ 1 (X, f2~) is independent of the choice of a Hermitian 
metric h on C, which we will denote by <£i(£). Since every element of H 2 (X,Z) 
is represented uniquely as the Chern class of an element of i/ 1 (X, OV) by the 
isomorphism (2.3), we define the map j: H 2 (X,Z) — * H 1 (X,fl^) by 

j( Cl (C)\ x ) :=£i(£), Ce&^Gl). 

We regard £i(£) as an element of £f°(Def (X), R l p*^x/Det(x)) after Lemma 2.15. 
Since H 2 (X, Z) is finitely generated, the map j extends to a homomorphism of 
CDof(A)-modules 

j: H 2 (X,Z) Dci ( X ) ®Z Def (x) — > # P*^£/Def(X)- 

Lemma 2.16. TTie homomorphism j is an isomorphism of 0^, c f(x)- m °dules. 

Proof. Since H 2 (X,Z) Dc{ ( X ) ®i ^Def(X) an d ^ 1 P*^x/Dcf(A) are l° can y f ree by 
Lemma 2.15, it suffices to prove that j\x- H 2 (X,C) — > H 1 (X, H x ) is an isomor- 
phism. Since h 2 {X,C) = /i 2 (^ 5 ,C) by 40 Prop. 6.1] and since /i x (Jf s , fi^J = 
/i 1 (X , fiLJ by Lemma 2.14, we get h 2 (X, C) = /i^X, Q^-). Since j|x is surjective 
by [401 Lemma 2.2], it is an isomorphism. □ 
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3. Quillen metrics 

Throughout Section 3, we fix the following notation: Let X be a complex man- 
ifold. Let (F, hp) be a holomorphic Hermitian vector bundle on X, which we also 
write F = (F,hp) for simplicity. 

3.1. Analytic torsion and BCOV torsion 

In Subsection 3.1, assume that X is a compact Kahler manifold with Kahler 
metric gx and with Kahler form jx- We set X — (X,gx)- Define il x to be the 
holomorphic vector bundle Q x equipped with the Hermitian metric induced from 
9x- 

Let A x q (F) be the vector space of F- valued smooth (p, g)-forms on X. Set 
Sf = © 9>0 A x q {F). Let (•, •) be the Hermitian metric on (A T*WX)®F induced 
from gx and hp. The volume form of X is defined by dvx = r y x mX / (dimX)!. The 
L -metric is the Hermitian metric on Sp defined by 

(s, s') L 2 := ^^dimx f x ( s ( x ), s '( x ))x dv x {x), s, s' e Sp. 

Let dp be the Dolbeault operator acting on Sp and let dp be the formal adjoint 
of Bp with respect to (-,-)l 2 - Then Dp — (dp + d* F ) 2 is the corresponding 8- 
Laplacian. Let a(Op) be the spectrum of Op and let Ep(X) be the eigenspace of 
Dp with respect to the eigenvalue A. 

Let N and e be the operators on Sp defined by N = q and e = ( — l) q on A x q (F). 
Then N and e preserve Ep(X). 

The zeta function 

Cp(s):= A-*Tr[ e 7V| £F(A )]. 

\ea(D F )\{0} 

converges absolutely for s G C with Res > 1. By [IH II, Th. 2.16, (2.98)], Cf( s ) 
has a meromorphic continuation to the complex plane, which is holomorphic at 
s = 0. 

Definition 3.1. (i) The analytic torsion of (X,F) is defined by 

r(X,F) := exp(-C^(0)). 

(ii) The BCOV torsion of X is defined by 

Tbcov(X) := nT(X,^)(- 1 ) P ^exp[-^(-l)^C^(0)]. 

p>0 p>0 

We refer the reader to for more details about analytic torsion. 

3.2. Quillen metrics 

Definition 3.2. (i) The determinant of the cohomologies of F is the complex line 
defined by 

\{F) :=®(dctH q (X,F)y-V q . 

q>0 

(ii) The BCOV line is the complex line A(£l^-) defined by 

X(Q' X ) := (g)A(^)(-^ = (g) (deti/^X,^))^ 1 ^. 

p>0 P,9>0 
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Set K q (X,F) = kerD F n A° x q (F). Then K«(X,F) inherits a metric from (-, -) h i. 
By Hodge theory, we have an isomorphism H q (X,F) = K q (X,F). We define 
hH<>{x,F) to be the metric on H q (X,F) induced from the L 2 -metric on K q (X,F) 
by this isomorphism. 

Let || • \\l 2 .\(f) be the Hermitian metric on X(F) induced from {/i#<j(x,f)}(3>o- 

Definition 3.3. (i) The Quillen metric on X(F) is defined by 

IMIq,A(f) := r(X,F) ■ ||o|| 2 L2 A(F) , a g X(F). 

(ii) The Quillen metric on X(fl x ) is defined by 

II • H : = II ' HSg) = ^COVW • ® || ■ Il^j. 

Let (Fx, /iFi), • • • j (-Pi, /iFi) be holomorphic Hermitian vector bundles on X, and 
let || • ||q \(p k ) be the Quillen metric on X(F k ). For <8>k =1 afc € ®fe = i A(Ffc), we set 

fe A(F fc ) : ~ rifc=i ll a fcllQ,A(F fc )- When the line X(F) is clear from the 
context, we write || • ||q for || • ||q,a(f)' We refer the reader to m, F^l - |5U) 
for more details about Quillen metrics. 

3.3. The Serre duality 

Let n := dimX. By the Serre duality, the following pairing on the Dolbeault 
cohomology groups is perfect: 

H q (X, n p x ) x H n ~ q (X, n n x p ) 3 (a, (3) (^P) J <* A [3 g C. 

Let {^i} be an arbitrary basis of H q (X, Cl x ), and let {■0/} the dual basis of 
H n ~ q (X,f!, x ~ p ) with respect to the Serre duality pairing. Then the element of 
det HP(X, fl q x ) <g> det H n -P(X, Cl n x q ) defined by 

(3-1) l(p,g),(„-p,„-g) := /\ V't ® A ^ 

i i 

is independent of the choice of a basis {ipi} and is called the canonical element. 
Similarly, the following element of X(Q X ) (3 X(S~l x ~ p )(~ lS> ™ is also called the canonical 
element: 

n 

l p , n - p = l p ,n- P (X) := (g) l Mt ( n -p, n - 9 ) G A(O^) ® X(n n x p )^\ 

q=0 

Then l( p , g) ,( n _p, n _g) = 1^ 9)>( „_ P ,„_ 9) by (3.1). 

Let lc be the trivial Hermitian structure on C, i.e., lc(fl) = H 2 for a g C. 

Proposition 3.4. TTie following identity holds: 

(3.2) ||lp,n-p|U 2 = || Ip.n— p|| Q = L 

In particular, the canonical element l Pi n- p induces the following canonical isome- 
tries of the Hermitian lines: 

(3.3) ® A(nr P ) M) Ml • ll i3 ,A(n*)®A(ar»)<-i>") " ( C ^)> 

(3.4) (a(0£)® A(^- p ) ( - ir >ll ' ll Q ,A(n^A(nr»)C->") = (^c)- 
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Proof. Let {&} be a unitary basis of H q (X, f2^-) with respect to the L 2 -metric. 
The dual basis of {(pi} with respect to the Serre duality pairing is given by {*4>i}, 
where *: A p x q — ► A x ~ q,n ~ v is the Hodge ^-operator with respect to the metric gx- 
By setting tpi = <pi in (3.1), we get the first equality 

(3-5) ||l(p,g),(ri-p,ri-g)||L 2 = 1, 

which yields the isometry (3.3). 

Let Cp,q( s ) be the spectral zeta function of the <9-Laplacian acting on A p x . Since 
*~ 1 O p . q * = n n _ p>n _ q , we have ( p , q (s) = C„- P , n - q (s), which yields that 

(3.6) r(X,Tl x )=T{X : Tl n x V ) { ~ ir+1 - 

The second isometry (3.4) follows from (3.3) and (3.6). □ 
For more details about the Serre duality for Quillen metrics, we refer to |^ (9)]. 

3.4. Characteristic classes 

In Subsections 3.4 and 3.5, we do not assume that X is compact Kahler. 



3.4.1. Chern forms. For a square matrix A, set Td(A) := dct y j_ CX p(_ j4 - ) J an d 

ch(A) := Trfe" 4 ]. Let R(F) be the curvature of F = (F,h F ) with respect to the 
holomorphic Hermitian connection. The real closed forms on X defined by 

Td(F, hp) := Td (-—L=R(F) j , ch(F, h F ) := ch f-—L=R(F) 

are called the Todd form and the Chern character form of F, respectively. 
Let Ci(F, h F ) be the i-th Chern form of (F, hp). 

3.4.2. Bott-Chern classes. Let £ : — * E — > E\ — > • • • — * E m — > be an exact 
sequence of holomorphic vector bundles on X, equipped with Hermitian metrics 
hi, i = 0,...,m. We set £ := (£,{hi}?L ). By 1 1 I, Th. 1.29 and Eqs. (0.5), 
(1.124)], one has the Bott-Chern secondary class ch(£) € p > o A p ' p (X)/lmd+Imd 
associated to the Chern character and £ such that 

m 

dd c ch(£) = ^(-l) 4+1 ch(S i ,/i J ). 

8=0 

Consider the case where m = 1 and Eq = E\ = E. Let h' and h be Hermitian 
metrics of E and E\, respectively. By |TTJ I, Th. 1.27] or |2U1 Sect. 1.2.4], one has 
the Bott-Chern secondary class ch(E; h, h') £ p>o A p > p {X)/lmd + \md such that 

dd c ch(E; h, h') = ch{E, h) - ch{E, h'). 

When vk{E) = 1, we have the following explicit formula by |201 L (1-2.5.1), 
(1.3.1.2)]: 

(3.7) ch(£; h,h') = £ — y E Ci{E,h) a ci{E,ti) h log (- 

m=l a+b=m—l ^ 

Similarly, let Td(E;h,ti) € p > o A p > p (X)/lmd + Im<9 denote the Bott-Chern 
secondary class associated to the Todd form such that 

dd c Td(E; h, h') = Td{E, h) - Td{E, h'). 
For more details about Bott-Chern classes, we refer to ^Jj, [20], [5U|. 
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3.5. The curvature formulas 

Let S be a complex manifold and let tt : X — * S be a proper surjective holomor- 
phic submersion. Then every fiber of tt is a compact complex manifold. The map 
tt : X — > 5 is said to be locally Kahler if for every s £ S there is an open subset 
U 3 s such that 7r _1 ([7) possesses a Kahler metric. We set X s = 7r _1 (s) for s G 5. 

Let TX/S := kerTr* C TX be the relative holomorphic tangent bundle of the 
family tt: X -> 5. Set f^ /s := f\ p {TX/S) v and tf x/l s := if x ® (Tr*^)" 1 = 

Qdim A —dim S 

A C°° Hermitian metric on TX/S is said to be fiberwise Kahler if the induced 
metric on X s is Kahler for all seS. By Kodaira-Spencer, there exists an fiberwise 
Kahler metric on TX/S if and only if every X s possesses a Kahler metric. 

Assume that every fiber X s possesses a Kahler metric. Let gx/s be a fiberwise 
Kahler metric on TX/S. Set g s — gx/s\x s and X s = (X s ,g s ) for s 6 S. We 
define fl x to be the holomorphic vector bundle fl x equipped with the Hermitian 

metric induced from g s . When p — 0, Sl x 1S defined as the trivial line bundle Ox, 
equipped with the trivial Hermitian metric. 

Since dimH q (X s , £l p x ) is locally constant, the direct image sheaf R q ir*fl x ^ s is 
locally free for all p, q > and is identified with the corresponding holomorphic 
vector bundle over S. Set 

K^'x/s) ■= (£) (detR q n*n x/s ) ( ~ 1)P+qp . 

p,q>0 

Via the natural fiberwise identification A(£l x ^ s )\ s = A(f2^- s ) for all s S S, A(Cl x , s ) 
is equipped with the Hermitian metric || • ||a(si^ /s ),q defined by 

II • IIq,a(o^ /s )(s) := || • \\Q,x(n' Xg ), s e S, 

which is smooth by HU III, Cor. 3.9]. We set X(Q X/S ) Q := (Wx/ s )>\\'\\q,W x/s ))- 
Since dim K q (X s , Q x ) is locally constant, there exists a C°° vector bundle 
K. p ' q (X/S) over S such that K p ' q (X/S) s = K q (X s ,Tf x J for all s € S. Then 
the fiberwise isomorphism H q (X s , Vt p x ) = K q (X s , n P x ) via Hodge theory induces 
an isomorphism of C°° vector bundles R q ir*Q x j s = JC p - q (X/S). Let h Rq ^^ x s be 
the C°° Hermitian metric on ii%*f2^-, s induced from the i 2 -metric on JC p,q {X / S) 
by this isomorphism. We define R q ir*n p x ^ s := (R q TT*n p x ^ s , h R g Wt> ^ s ). 
Let 7bcov(X/S) be the function on S defined by 

Tbcov (X/S)(s) := T BCOV (X s ) = J] r(X s ,Tf Xs )^ Pp , s G S. 

p>0 

For a differential form ip, [ip\^ p ' q ^ denotes the component of bidegree (p, q) of ip. 

Theorem 3.5. Assume that the map it: X — > S is locally Kahler and set n = 
dimX — dimS*. Then Tbcqy(X/S) lies in C°°(S') ; and the following equation of 
C°° (l,l)-forms on S holds: 

aWx/sh) = -dd c \o g T BCOV (x/s) + J2(-^ p+q pci(R q 7T,n p x/s ) 

q>0 

= [c 1 (TX/S,g x/s )c n (TX/S,g x/s )] {hl) . 
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Proof. See pp. 374] and Q3] Th. 0.1]. □ 

4. The BCOV invariant of Calabi-Yau manifolds 

Throughout Section 4, we fix the following notation: Let X be a smooth Calabi- 
Yau n-fold. Let p : (X, X) -> (Def(X), [X]) be the Kuranishi family of X. 

Let g be a Kahler metric on X with Kahler form 7. We define Vol(X, 7) := 
(2tt)-" / x 7™/n! = ||1||| 2 . Notice that our definition of Vol(X,j) is different from 
the ordinary one because of the factor (27r) - ". We set a(X,j) := Ci(TX,g) and 
X(X) := J x c n (X n ). Let r, e H°(X, fi x ) \ {0}. 

4.1. The BCOV Hermitian line 

Recall that the I/ 2 -norm on H°(X, f2 x ) is independent of the choice of a Kahler 
metric g because 

H\l, = (2 7 r)-"( v / =ir 2 / T] Afj. 

Jx 

After |Sni Sect. 5.1], we make the following: 

Definition 4.1. (i) For X = (X,j), define .A(X) = A(X,~f) S R by 

T)" 2 7?A^ Vol(X,7) > 




7™/n! H77II?- 



Cn(^,7) 



.A(X) := Volpf^) 2 ^ exp 

(ii) The BCOV metric is the Hermitian structure || • |U(n^) on A(f2 x ) defined by 

II ' IIa(si^) := MX) ■ || • Hc^n* )■ 



(iii) The BCOV Hermitian line is defined by 

W^)-= (m x )A\-L(n' x) ). 

Remark 4.2. By Yau |55], every Kahler class on X contains a unique Ricci-flat 
Kahler form. If k is a Ricci-flat Kahler form on X, then 

K n /n\ _VoI(X,k) 

(7^3™V^ " \\v\\ 2 L 2 ' 

and hence log„4(X, k) = x ^ log Vol(X, k) in this case. 

4.2. The Weil-Petersson metric and the Hodge metric 

To compute the curvature of the BCOV Hermitian line bundles, let us recall the 
definitions of the Wcil-Petersson metric and the Hodge metric [HI] , [HSj • 

By Proposition 2.5, the homomorphism of 0Def(x)- m odules on Def(Y) induced 
by the Kodaira-Spencer map 

PDef(A-) : @Def(X) — * # P*@£/Def(X) 

is an isomorphism, which is called the Kodaira-Spencer isomorphism in this paper. 

Since H n ^ 1 (X s ,fl] ( ) C H n (X s ,C) consists of primitive cohomology classes for 
all s e Def(Y), the L 2 -metric on R 1 p*^ , x/Bd(x) ^ s independent of the choice of a 
fiberwise-Kahler metric on TX/Def(X) by e.g. ]57\ Th. 6.32]. We will often denote 
the L 2 -metric K^.n^^ on R^M^dix) h V (v)l'- Then 

(C,C)^ = -(2 7 r)-"(v / ^T)" 2 / ^AC, tC^H^X,^- 1 ). 

Jx 
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For s £ DefpT), let p s : Tr> e f(x), s — * H 1 (X S , <dx s ) be the Kodaira-Spencer map, 
and let rj s £ H°(X s ,Cl x ) \ {0}. Let *,(■) be the interior product. 

Definition 4.3. The Weil-Petersson metric gwp on Def(X) is defined by 



/ x t(p s («))f| s At(p s (i)))i) s Wp-(«))»?.,40».(»))»7«)£ ! ' 

5wp(u ' w) := JZ^s = h4T> 

for Tbef(x),s' Let w\yp be the Kahler form of gwp. 

Let %/Dcf(x) be a local basis of tJ*-fC^/Def(x)- By e.g. (S3 Th. 2], we have 

(4.1) w WP = -dd c log ||?/x/Dcf(X)llL2 = ci(p*A' x/Dcf(x) , || • \\ L i). 

Proposition 4.4. XTie Kodaira-Spencer map prj e f(x) induces an isometry of the 
following holomorphic Hermitian vector bundles on Def(X): 

(©Dof(A),5Wp) ® (P*#3t/Dcf(X), II ' IU 2 ) = (- Rl P*°S/Def(X)' /l fllp,n^ e((J!c) )- 

in particular, Pr>e{(X) induces an isometry of the following holomorphic Hermitian 
line bundles on Def(X): 

(det tfp^^xy det V P ,n^ et(X) ) 

S (dete Dcf(x) ,det ffW p)® (P*K X/Bcl{x) ,\\ ■ \\ L 2)® hl ' n ~ 1( - x l 
Proof. The Kodaira-Spencer isomorphism is given by 

©Dcf(A) ®P*K X /Dcf(X) i(PDcf(A-)(w))?7 G Rl p*^X/Uet(x) • 

Hence (t(p De f(x)(«)) »7, t (PDcf(x)(«)) «)l 2 = 5wp(«, u) ■ IMI^ by Definition 4.3. □ 

Definition 4.5. The Ricci form of the Weil-Petersson metric is the Chern form of 
the Hermitian line bundle (det ®n e f/x)> det gwp) : 

Ricwwp := ci(det0 De f(x),detsiwp)- 
Proposition 4.6. The following identities hold: 

{-uj wp (p = 0) 

-Ricw W p - h 1 ' n ^ 1 (X) uj wp (p=l) 

Ric^wP + ^^W^wp (p = n-l) 

wwp (p = n). 

Proof. The assertion for p = 0, 7i follows from (4.1). The assertion for p = 1, n — 1 
follows from Proposition 4.4 and the Serre duality. □ 

See ^| Sect. 2] for a generalization of Proposition 4.6. In the case n = 3, the 
following positivity result for Ricwvvp + (^ 1,2 (^) + 3) u>wp shall be crucial in Sect. 7. 

Proposition 4.7. When n = 3, the (1, l)-form RicaAyp + (h l ' 2 [X) + 3)o>wp is a, 
Kahler form on Def(X). 

Proof. See [H Th. 1.1]. □ 

Definition 4.8. When n = 3, the Hodge form on Def (X) is the positive (1, l)-form 
on Dcf(X) defined as 

c^h := Ricwwp + (h 1,2 (X) + 3) wwp- 

The corresponding Kahler metric on the Kuranishi space Def (X) is called the Hodge 
metric on Def(X). 
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The Hodge metric is related to the invariant Hcrmitian metric on the period 
domain for Calabi-Yau threefolds as follows. Let X be a polarized smooth Calabi- 
Yau threefold. Let D be the classifying space for the polarized Hodge structures 
of weight 3 on H 3 {X, Z)/Torsion defined by Griffiths e.g. [HI Sect. 2]. Let F* 
(i = 1, 2, 3) be the Hodge bundles on D. Let u>r> be the invariant Hermitian metric 
of D. Let /: Def(X) — ► D be the period map. Then we have 

(a) u JwP = f*(c 1 (F 3 ,\\.\\ L2 )) [S3; 

(b) Up to a constant, wh = /*(ud) |35|. In particular, wh is always Kahlcrian. 
We refer to e.g. [23] for more details about the classifying space D. 

4.3. The curvature formula for the BCOV Hermitian line bundles 

Let rr: (X,X) -> (5,0) be a flat deformation of X. Set X s = n' 1 ^) for s € 5. 
Let be a fiberwise-Kahler metric on TX/S. Then the line bundle X(Cl x , s ) on 
5 is equipped with the BCOV metric || • ||A(nj, s ) with respect to gx/s- 

Let ji: (5,0) — > (Def (X), [X]) be the holomorphic map such that the family 
7r: (X, X) — > (5, 0) is induced from the Kuranishi family by /i. Then we have 

Cl(7T,£J^/ S , || • ||£,a) = /i*CJ W P 

near s = 0. Let fy^/s be a local basis of tt*ojx/s an d se t 

vwp,x/s := /i'wwp = -^foglkte/sIlL 2 = ci(7r*WAr/s, II • IU 2 )- 
Theorem 4.9. The following identity of (1, 1) -forms on (5, 0) holds: 



Ci(X(fl' x/s )) — — Ll>wp,x/S- 

Proof. We follow ISU1 Sect. 5.2]. Since the assertion is of local nature, it suffices 
to prove it when 5 ^ A dimS . Then n*K x / s = O s . Let ry^ /s e H a (S,ir*Kx/s) 
be a nowhere vanishing holomorphic section. For s G 5, set ?] s = J7at/s|a s - Then 
ry s € H°(X S , Kx s ) \ {0} and r^/s are identified with the family of holomorphic 
forms {f^jsgs varying holomorphically in s G 5. Define H^/sHis G C°°(5) by 



ll^/slL^s) = 11% Ilia, se5. 

Set g s = ,9at/s|a s - Then gx/s is identified with the family of Kahler metrics 
{<7s} s gS. Let 7 S be the Kahler form of h s . Let jx/s = {7s}ses be the family of 
Kahler forms associated to gx/s- 

Define the C°° functions Vo\(X/S) and A{X/S) on 5 by 

Vol(*/S)(«) =Vol(X s , 7s ), A(X/S)(s)=A(X s , ls ), s e 5. 

Let Ci{X / S) be the i-th Chern form of the holomorphic Hermitian vector bundle 
{TX/S, gx/s)- Since 

' {V^T) n2 Vx/s ^Vx/s\ 



ci{X/S) = -cx{K x / s ,fetg x j s ) = dd c log 



Tx/sh 



the following identity of (1, l)-forms on X holds: 

Cl (X/S) = -it* {uj wp ,x/s + dd c logYol(X/S)} 

(4.2) + **{ ^»';?*'- .*(™!m) 

{ ix/sl n[ Khx/sWhJ 
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Then we get 
(4.3) 

-Itt* [ci(^%(^/S)1 

= [-7T* {uj WPtX/s + dd c logVol(X/S)} c n (X/S)] 



+ 71* 

xix) 

12 



-— dd log < — '— ■ '— ■ 7i -g- } c„(X S) 

%p,^/s + ^ c log A(X/S), 



where the first equality follows from (4.2), and the second one follows from the 
projection formula and the commutativity of dd c and 71* . 

Since the map 71: X — > S is locally projective by Proposition 2.8, we may apply 
Theorem 3.5 to the family 71 : X — > S. Then we deduce from (4.3) that 



ci(A(Jfy s )) = Cl (A(^ /s ) Q ) - dd c logA(X/S) 
1 

= -12* 

X(X) 



^ti, [ Cl (X/S) c n (X/S)} - dd c log A(X/S) 



^2 w WP,Ar/s- 

This completes the proof of Theorem 4.9. □ 

Theorem 4.10. Let X be a smooth Calabi-Yau n-fold. The Hermitian metric 
II ' IIa(o^) on •M^x) * s independent of the choice of a Kahler metric on X . In 
particular, the B CO V Hermitian line X(fl x ) is an invariant of X . 

Proof. Let a E \(tt x ) \ {0}. Let X = X x P 1 -> P 1 be the trivial family over P 1 . 
Let 70, 700 be arbitrary Kahler forms on X. Let = {7t}teP 1 be a C°°-family 

of Kahler forms on X connecting 70 and 700. Since ojwp.x/p 1 = 0; log IMIai-q* 1 

\ X/T 1 ' 

is a harmonic function on P 1 by Theorem 4.9. Hence ||ct||a(o* j is a constant 
function on P 1 . This proves Theorem 4.10. □ 

4.4. The BCOV invariant of Calabi-Yau threefolds 

In Subsection 4.4, we fix n = 3. Hence X is a smooth Calabi-Yau threefold. Set 
b 2 (X) := dimff 2 (Y,M). Let c x (-, •, •) be the cubic form on H 2 (X,R) induced from 
the cup-product: 

c x {a,M) := — ^ f aApAj, a, 0, 7 e H 2 (X, R). 
(27i) cl Jx 

4.4.1. The covolume of the cohomology lattice. Let K be a Kahler class on X. 
Let (v)l 2 .k be the L 2 -inner product on iJ 2 (Y,R) with respect to k, and let 
(•j')L 2 ,dotK be the induced L 2 -inner product on dct_ff 2 (Y, M). Set H 2 (X, Z)f r := 
# 2 (Y,Z) /Torsion. 

Definition 4.11. For a basis {ei, . . . ,e b2 ^ X )} of H 2 (X, Z)f r over Z, set 
Vol L2 (i7 2 (Y,Z),K) := dot ({ei,ej) L 2 >K ) = (e 1 A • • • Ae b2(x) , e 1 A • • • Ae b2(x) ) L 2 dctK . 
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Obviously, Vol^2 (H 2 (X, Z), k) is independent of the choice of a Z-basis of H 2 (X, Z)f r ; 
it is the volume of the real torus H 2 (X, M.)/H 2 (X, Z)f r with respect to (•, -)l 2 .k- We 
can write Vol^2 (H 2 (X, Z), k) in terms of the cubic form cx as follows: 

Let L be the operator on H*(X,M) defined by L(<p) = K A <p for <p € H*(X,R). 

Lemma 4.12. T/ie following identity holds 

(a, p)l*,k = 77 ? \ c x (a, p, k), a,/3 E H (X, M). 

2 CX(K,K,K) 

In particular, Xo\ L 2{H 2 {X, Z), k) E Q if k E H 2 (X,Q). 

Proof. Let p e ff^pT.R) = iJ 2 (X,R). By jSZI Lemma6.31], one has the orthog- 
onal decomposition H 1 - 1 (X,R) — ker(L 2 ) ®R/t with respect to (-,-)l 2 .k- Since 



(4.4) fay) 



-c X {tp,tp,K) (tf E ker(L 2 )) 
^c x (<p, (fi, k) (tpERn) 

by ]57\ Th. 6.32], we get the decomposition 

cx(<P,k,k) \ cx{<P,k,k) 2 



L 2 K 



(4.5) <P=[tp- > + A r ' ' > £ker(L 2 )®R K . 

V Cx(K, «,K) / Cx[K,K,K) 

By (4.4), (4.5), we get 

/ cx(a,K,«) c x {P,k,k) 
{a, P)L\ K = -cx a -k , p -k , k 

\ Cx(K,K,K) Cx\K,K,K) 

1 / c x (a,K,K) c x (/3,k,k) 

2 \cx{k,k,k) cx(k,k,k) 

3c x (a,K,K)c x (l3,K,K) 
= o 7 \ c x {a,P,K). 

2 Cx(K,K,K) 

This proves the lemma. □ 

4.4.2. The BCOV invariant. Let us introduce the main object of this paper. 

Definition 4.13. For a Kahler form 7 on X, the BCOV invariant of (X, 7) is the 
real number defined by 

tbcov(*,7) : = Vol(X,7)- 3 Vol L 2(i/ 2 (X,Z),[7])-M(X,7)r B cov(X,7) 



= Vol(X, 7) — - 3 Vol i2 (ff 2 (X, Z), [7])- 1 



x exp 



1 f fVElVM V0l (^7) , , y . 



?~BCOv(X,~f). 



In the rest of Section 4, we derive a variational formula for the BCOV invariant. 

4.4.3. The curvature formula for the BCOV invariant. Let tt: [X ', X) — ► (S*, 0) be a 
flat deformation of X which is induced from the Kuranishi family by a holomorphic 
map fi: (5,0) — > (Def(X), [X]). Let Wjj^/s be the (l,l)-form on 5 induced from 
the Hodge form on Def (X) via /1: 

^H,X/S '■= ^* W H- 

Let gx/s be a fiberwise-Kahler metric on TX/S. Let 7 S be the Kahler form of 
9x/s\x s - Let tbqov{X /S) be the function on S defined by 

tbcov{X /S){s) := tbcov(X s ,Js), s E S. 
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Theorem 4.14. The following identity of (1 , 1) -forms on (S,0) holds 

dd c log t B cov(^ / 'S) = -^jp-uwp,x/s - ^n,x/s 

h ia (X) + — jrp- + fi'wwp - /i*Ri cw wp- 

Proof. We follow [HOI Th. 5.6]. Let A(X/S) and T BCOY {X/S) be the C°° functions 
on S defined by 

A(X/S)(s) := A(X s , ls ), T BCO y(X/S)(s) := T BCO v(* s ,7 s ) 
for s € S. By Theorems 3.5 and 4.9, we get 

- dd c log[A(X/S)T BCO v(X/S)} + (-l) p+q pci(detR«w*n p x/s , \\ ■ \\v>, gx/a ) 

p,q>0 

x(x) 



12 



Since R q Tr^,fl P v ^ s if and only if p + q = 3 or p = q, we deduce from Proposition 
4.6 that 

-dd c \og[A(X/S)T BCO v(X/S)}+Y,PCi(detRPnM p x/sl \\ • \\v, gx/B ) 

p>o 

(4.6) - (^*Ric cu WP + h l > 2 (X) fi*uj WP ) - 3p*[% P 

X(X) . 
- 12 M ^wp- 

Define a function Vol L 2 (H 2 (X/S, Z)) on 5 by 

Vol i2 (If 2 (A7S,Z))(s) := Vol L2 (ff 2 (X s ,Z), [ 7s ]), s e 5. 

Since 7r : A" — > S is induced from the Kuranishi family, there exist holomorphic 
line bundles C\, . . . ,Cb 2 {x) on % by Lemma 2.16 such that C\{Ci)\x = ej for 1 < i < 
b2(X), and such that £i(£i) A • • • A £i(£f, 2 (A)) is a nowhere vanishing holomorphic 
section of R 1 7r*£lx/s- Then 

(4.7) \\€ 1 (C 1 )h---h€ 1 {C b2{x) )\\l^ gx/s =Yo\ L ,{H 2 {X/S,'L)). 

By the Serre duality and (3.5), 1(1,1) (2,2) ® (£i(£i) A • • ■ A £i(£;, 2 pt))) _1 is a 
nowhere vanishing holomorphic section of R ir*&x/s such that 

(4.8) ||l(i,i), (2 , 2 ) ® (d(A) A • • • A CiOCma-)))- 1 !!^, - Vol L2 (i/ 2 (A-/5, Z))" 1 . 
Let Vol(X/S, Jx/s) be the function on S defined by 

Vo\(X/S)(s) :=Vol(X S)7s ). 

Then 3 ;v ^^/g) * s a nowhere vanishing holomorphic section of B?-k*Q? x j S snch that 



(4.9) 



Ix/s 



3!Vol(Af/S) 



= Vo\(X/S) 

L 2 ,g*/s 



-1 
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Substituting (4.7), (4.8), (4.9) into (4.6), we get the equation: 
(4.10) 

- dd c log[A(X/S) T BCO v{X/S)} + dd c log Vol L 2{H 2 (X/S, %)) + 3dd c log Vo\(X/S) 
= (V< 2 pO + + ^w W p + /i*Ricw W p. 

The theorem follows from the definition of the BCOV invariant and (4.10). □ 

Remark 4.15. If we follow the mirror symmetry and if X v is the mirror Calabi-Yau 
threefold of X, the coefficient of fi'wwp in (4-10) is compatible with that of 
Eq. (14)] since h 1 ^ 1 (X v ) = h 1 ' 2 ^) and x(A v ) = ~x(X). 

For a higher dimensional analogue of Theorem 4.14, we refer to |17|. 

Theorem 4.16. The BCOV invariant tbcov(^;7) * s independent of the choice of 
a Kdhler metric on X . In particular, tbcov(A, 7) is an invariant of X . 

Proof. Let X = X x P 1 — > P 1 be the trivial family over P 1 . Let 70, 700 be ar- 
bitrary Kahler forms on X. Let Jx/v 1 — {7t}ter 1 be a C°°-family of Kahler 
forms on X connecting 70 and 7^. Since jU*o;wp & n d /z*Ric(w\yp) are indepen- 
dent of t, logTBCOV^/lP 1 ) is a harmonic function on P 1 by Theorem 4.14. Hence 
TBCOviX/F 1 ) is a constant function on P . □ 

After Theorem 4.16, we shall write tbcov(X) for tbcov(^>7) m t ne rest of this 
paper. 

5. The singularity of the Quillen metric on the BCOV bundle 

In Section 5, we fix the following notation: Let X be a compact Kahler manifold 
of dimension 11 + 1 and let S be a compact Riemann surface. Let 7r: X — ► S be 
a surjective holomorphic map, and we do not assume that a general fiber of n is 
Calabi-Yau. 

Let XL be the critical locus of 7r, and set 



V:=n(T, w ), S°:=S\V, X° := Tr^S ), tt° 



TT\ X o. 



Then ir° : X° — > S° is a holomorphic family of compact complex manifolds, and 
^x°/s° 1S a holomorphic vector bundle of rank n over X° . 

As in Sections 3 and 4, we have the holomorphic line bundles on S°: 

\(pP x . /s .) = ^(det^Tr^/^- 1 )', X(Q Xa/S o) = ®^ =0 A(^ o/so )(-^. 

In this section, we construct holomorphic extensions of A(f^, ^ So ) and X(Q xo ^ so ) 
from S° to S, and we study the singularity of the corresponding Quillen metrics. 

5.1. The Kahler extension of the determinant line bundles 

Since Q X / S = Q l x /it*Vl l s , we have the following complex of coherent sheaves on 
X, which is acyclic on X (cf. jS3 P-94 1.12-1.16]): 

— > 7r*f^ — — > ftx/S — > °- 

Definition 5.1. (i) For p > 0, let £ X / S be the complex of holomorphic vector 
bundles on X defined by 

£ p x/s : (TT*n 1 s )® p —> Q x <g> (tt*^)®^- 15 — -> * fi^T 1 ® tt*^ — > fiP , 
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where the maps tt l x (gi (tt*^)®^ -> Q^ 1 ® (tt*^)®^- 1 ) are given by 
(7r*0® (p_i) (wA7r*0® (7r*£)® (p - 4_1) , wGfi^, £eQ^ 
For p = 0, set E x/S : -> O x -> 0. 

(ii) For p > 0, let .F^, , g be the complex of coherent sheaves on X defined by 

•^x/s '■ ® * ^x/s * ^x/s * 0, 

where r : Q x — > fl x ^ s is the quotient map for p > and the identity map for p = 0. 

Since rk(7T*Og) = 1, F v x j S is acyclic on A" \ for p > 1 and on X ior p = 0, 1. 

Definition 5.2. (i) Let \(£ x , s ) be the holomorphic line bundle on 5 defined by 

H<%,s) :=®A^ i ®(7r*n^)® i ) ( - 1) '. 
(ii) Let A(r2^y S ) be the holomorphic line bundle on S defined by 

m'x/s) :=(8)A(^ /s ) ( - l)Pp . 

p>0 

We call A(£^., s ) and A(f2^,y s ) the Kdhler extensions of A(S1^, 0/ , S , ) and A(i7^ ^ s . ) 
from 5 10 to 5, respectively. 

Since J^ig is acyclic on A" \ E w , we have the canonical isomorphisms of holo- 
morphic line bundles on S°: 

X(n xo/So ) - \(£ p x/s )\s°, Wxo/so) = m'x/s)\so. 

Let gx be a Kahler metric on X. Let g^/s := 9x\tx/s be the Hcrmitian metric 
on TX / S\x\s 7I induced from gx- Then gx/s (resp. gx) induces the Hermitian 
metric g^ /s (resp. g p ) on fl P x/s \ X \^ (resp. VL P X ) for all p > 0. 

Following Bismut jjjf and Yoshikawa [ST], we determine the singularity of the 
Quillen metric on \(Q xo ^ so ) near T> with respect to the Kahler extension and with 
respect to the metrics g x/s , 9n p x/s - 

5.2. Three Quillen metrics on the extended BCOV bundles 

Let G T>. Let (U, t) be a coordinate neighborhood of in S centered at such 
that U = A and U n V = {0}. We set U° := U \ V = U \ {0}. 

Let ks be a Hermitian metric on such that ks(dt,dt) = 1 on U. Then ir*ks 
is a Hermitian metric on ir*Qg. Let g^*^ be the Hermitian metric on 7t*^5'|a'\s t 
induced from by the inclusion 7r* f2 g C tt x . Since 

TT*k s {dTT,dTr) = TT*{k s {dt,dt)} = 1, ((for, dir) = g n ^ (dn, diz) = \\dir\\ 2 

on 7r _1 (W), the following identity holds on 7r _1 (W): 

9ir*a.\, = ||dvr|| 2 7r*fc s . 

We define three Quillen metrics on the Kahler extension \(£ x /s)\u° as follows. 



ANALYTIC TORSION FOR CALABI-YAU THREEFOLDS 



23 



Definition 5.3. (i) Let || • ||^ q p j q gx/s be the Quillcn metric on \(£l p xo / S o)\u° 
with respect to gx/s and gn" x/s - Let || • \\\^ £ p )q 9x/s be tne Quillen metric 
on \(£ x / s )\uo induced from || • ||^qp ) Q g x s ^ ^ e canon i ca l isomorphism 
\(n xo/so )\ U o=\(£ p x/s )\u°: 

II ' W\(£ x/s ),Q,g x/s := II • Ww> xo/so ),Q,g x/s - 

(") Lct IMIW^*^)-)^*^ be the Quillen metric on A(Or®(7r*^)^)|^ 
with respect to gx/s an d ff^p-* ® K*ks- Set 

II ' \\\{£ x/s ),Q,Tt*k s ■— ^ II ' llA(n|,- < (gi(7r*fii )® i ),Q,ir*fe s ' 

(hi) Let l|-|l^ (n P-i 0(w . n i )84)i Q ifc]r . nl be the Quillen metric on A^®^*^)^)^ 
with respect to gx/s and <fo P -i ® </7r*fii • Set 

II II 2 -=^ll ll 2(_1)l 

ll HA(f:j /s ),Q,s,, n i ■ V^yn "\(n x - i ®(x*ni s )®i),Q,g it „ nl ■ 

i—0 s 

When p = 0, we have the following relations 

II ' \\l(e% /s ),Q,g x/s = II ' llA(S° /s ),Q,7r*fe s = II ' II K£ x/s ),Q,9„. n i = " ' H A(©*)>Q>fl*/s ■ 

We shall prove that log II ■ II w PP n has logarithmic singularities at € P, 

on ii \(t x/s ),Q,g x /s ° ° 

whose coefficients are determined by the resolution data of the Gauss map. 

5.3. The Gauss maps and their resolutions 

Let 77: P(il x ) — > X be the projective bundle associated with the holomorphic 
cotangent bundle Q x . Let 77 v : P(TX) — > A" be the projective bundle associated 
with the holomorphic tangent bundle TX. Then the fiber F(T x X) y is the set of all 
hyperplanes of T X X containing 0^ e T^A. We have P(fi^) = P(TA) V . 

We define the Gauss maps v: X \ -> P(fi^) and /i : A \ S w — > P(TA) V by 



z/(ir) := [ek^] = 



.i=0 



:= [T^X^]. 



Then v = fj, under the canonical isomorphism F(fl x ) = P(TA) V . 

Let i := P (qi_)(— 1) C 77*f2^, be the tautological line bundle over F(Q X ), and 
set Q :— n*fl x /L. Then we have the following exact sequences S of holomorphic 
vector bundles on F(Q X ): 

5:0 — > L — > n*Q} x — > Q — ► 0. 

Let p < n. Since rk(i) = 1, this induces the following exact sequence of holomor- 
phic vector bundles on F(Q X ): 

p 

K. p :0 — >l p — ► n'ti^®!?- 1 — ► ► n*n p x 1 ®L — >n*n p x — ► f\Q — > 0, 
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where 77* Q p x /\ p Q is the quotient map and LT*fl x <8> 7^ 1 -> 77* O^ 1 ® L^" 1 
is given by w <g> cr®^ h-> ( w A cr) <g> er®^-*- 1 ) for w G 77*^ and cr G 7. Then 

Similarly, let 77 := Op^ n i and let E7 be the universal hyperplane bundle of 
(77 V )*TA\ Then the dual of S is given by 

S v : — ► [/ — ► (n v )*TX — > 77 — > 0. 

Since THAT'S = {v G T^A; ^(w) = 0}, we have 

77t/S = fi*U. 

Let be the Hermitian metric on U induced from (II v )*gx, and let gn be the 
Hermitian metric on 77 induced from (77 v )*<7;t by the C°° -isomorphism 77 = U . 

Let be the Hermitian metric on L induced from 77* by the inclusion 
L C II*il x . Let <?q be the Hermitian metric on Q induced from TP^q^ by the 
C°° -isomorphism Q = L . We consider the Hermitian metric gn*n i x tg>Lp- i on 
n*^l l x ®L p ~ l induced from II* g^, g^, and we consider the Hermitian metric <Mpq 
on f\ p Q induced from <?q. We define K, P to be the exact sequence JC P equipped 
with the Hermitian metrics {377*0^0^?-*} and g^pQ- Then we have the following 
isomorphisms of Hermitian vector bundles over X \ T.^ : 

(5.1) y P x/s = v*K P , (TX/S,g x/ s)=H*{U,gu). 

Since dir is a nowhere vanishing holomorphic section of v* L\x\^i we get the fol- 
lowing equation on X \ 

-dd c log||d7r|| 2 = v*ci(L,g L ). 

Since is a proper analytic subset of X, the Gauss maps v: X \ — > P(^;f ) 
and /i: X \Y, 7! — > P(TX)^ extend to meromorphic maps v: X — » P(fi^) and 
^: X -~ » P(TA") V by e.g. gH Th. 4.5.3]. By Hironaka, there exist a projective 
algebraic manifold X , a divisor of normal crossing E <Z X, a birational holomorphic 
map q: X -> X, and holomorphic maps v: X -> P(Q^) and /I: A -c P(TA") V 
satisfying the following conditions: 

(i) ) : X \ g _1 (E 7r ) — > A" \ £„• is an isomorphism; 

(ii) ^(E^^-B; 

(iii) v = v o q and fj, — fi o q on X \ E. 

By (iii), we have v = J1 under the canonical isomorphism P 1 (0^.) = ¥(TX) V . 
We set 7? :— no q and X t :— n^ 1 ^) for t £ S. Similarly, we set Eb := ED Xf, for 
b G P. Then £ = H 6e p7; 6 , because 75 = g" 1 ^) C tt -1 ^). 

5.4. The singularity of Quillen metrics 

After Barlet [3], we define a subspace of C°(Li) by 

n 

B{U):=C™{U)® QKI^aogKlf-C 00 ^). 

rSQn(0,l] fc=0 

A function tp(t) G £>(^0 has an asymptotic expansion at G "D, i.e., there exist 
r u ...,r m G QH (0,1] and fo, fi,k G C*°°(W), Z = l,...,m, fc = 0, ...,n, such 
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that <p(t) = f (t) + YZi ELo l*| 2r '(!og \A) k fi,k(t) as * -» °- In what follows, if 
f(t),g(t) e C°°{U°) satisfies /(*) - g(t) e B(U), we write 

/ =B 9- 

The purpose of Section 5 is to prove the following: 
Theorem 5.4. Let a p be a nowhere vanishing C°° section of the Kdhler extension 
K £ x/s)\u- Then 

The proof of Theorem 5.4 is divided into the following three intermediary results, 
whose proofs shall be given in the subsections below: 

Proposition 5.5. The following identity of functions on U holds 

fogdl ' Wl(e> /g ),Q, gx/s /\\ ■ Wl(e* x/8 ),Q, g „. ah ) =b 0- 

Proposition 5.6. The following identity of functions onU holds 



2 



log 



s I 



r p f 1 _ e -(p-o)ci(H) i . \ 

j E E(- 1 ) P "^*{ Td ( C/ ) ^(H) }?* ch (^) log|t| 2 . 



1 _ e -{p-j)ci(H) 

- : y '//■<; Td(( ) " 

Proposition 5.7. The following identity of functions onU holds 
Iog|kp(*)ll!(£» /s ),Q,**k s =B 



2 

let 

<7 

V 



j Eo B-ir J y | Td (^) Td(c £$ " 1 } ^ch(o^)j iogM 2 . 

Proof of Theorem 5.4. By Propositions 5.5, 5.6, and 5.7, we get 

l0 S\K\\l(s x/s ),Q, gx/s = 

, lA(££ /5 ),Q, g ^ /5 \ • || A(£^ /s ),Q, fl ,. n i ■ ; , 

l0 g ( !Tli2 I + fog I 1 TH2 | +fogKllA(£j /s ),Q, 7 r*fc S 



A(£j /s ),Q, 37r , Q i / y II HA(£j /s ),Q,7r*fe s 



/• p r i _ e -(p-j)a{H) >, . \ 

t / Bo E(- 1 ) p "^*{ Td ( c/ ) — ^ — } 9* ch (^)J fosi*i : 



Td (ci(g)) - 1 
ci(H) 



+ ( / >>ir^ ^ Td(E0 ^YoT \ ] log |t 
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This proves the theorem. □ 



5.5. Proof of Proposition 5.5 

Let gQ* x <g,(i T *ni)®<j>—i) be the Hermitian metric on £l x ® (7r*f2<j)®( p_t ) induced 
from gx, g^Q 1 ■ We define T x /s to be the complex of holomorphic vector bundles 
J^XIS ecm ipP e d w ith the Hermitian metrics Qu i x <&{'K'*Q.\ )»(»-*) on ^x ® (Tr*fl 1 s ) ^ p ~' l ' > 
and g n p on 



"x/s- 



Let 7r* (resp. 7r*) be the integration along the fibers of tt (resp. n). For a C°° 
differential form ip on X, one has 7f,(V>) (0 ' 0) € by 3, Th.4bis]. 

Since F x /s * s ac y c li c on X°, the following identity of C°° functions on 5° holds 
by the anomaly formula ^2 Th. 0.3]: 



(5-2) log I _^£^f ] = ^ (rd(TX/S, 9x/ s) &<? x/a )) ™ 



s . 



By (5.1), the following identity of C°° differential forms on X \ holds: 

Td(TX/S,gx/s)ch(^ P x /s )\x\^ = ^Td(U, gu ) SdiQc"). 
Since = (q^ 1 )* on X \ g _1 (£„■), this yields the following identity on X \ E„ 
Td{TX /S,gx/s)^(?x/s)\x\^ = (?). fft/ ) ^ch(K P )} . 



Hence we get the following equation of C°° functions on S°: 
(5-3) 

7T, (Td(TAf/5,^ /s )ch(^)U\^) ( ° ,0) = [tt, {^Td(C/,. gc/ )^cn(^ P )} 



(0,0) 



Since {^*Td(?7, g^) ^*ch(/C P )}(™' n) is a C°° (n,n)-form on X and since the projec- 
tion 7r: A" — > 5 is proper and holomorphic, the right hand side of (5.3) lies in B{U) 
by Th. 4bis], which, together with (5.2), (5.3), yields the result. □ 



5.6. Proof of Proposition 5.6 

For < i < p, we deduce from the anomaly formula [111 Th. 0.3] that 
(5.4) 



log 



2 

lA(n*,(8(ir*ni)®(p-0),Q )flir , n i 
\\\(n i x ®(TT'n 1 s )®(p-*)),Q,Tr*k s 



tt* (Td(TA-/5, ffA . /s )ch(^,^)ch((^^^)®^- 4 ); 7r*k s , g nH 
tt, (Td(TA'/5,.g^ /s )ch(^,^)ch((^*r!^)^(f- i ); n*k s , ||d7r|| Vfe) 



(0,0) 

(0,0) 
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Since v*c\{L,gL)\x\s„ — — dc? c log 1 1 c?7r 1 1 2 and ci(Sl^,ks) = on U, we deduce from 
(3.7) that 
(5.5) 

ch((7T*^)^; n*kf, |id7r|| 2/ 7r*fcf) 



7T-!(W)\S, 



E^ E c 1 (( 7 r*O^)^,7r*fcf0 O cx(( 7 r*Q^)«M|d 7 r|| 2 '7r*fc| i ) 6 log||d 7 r|| 



21 



m—1 a-\-b—m—l 

oo 



= E — r(-^ c log HtiTrll^)^- 1 log HrfTrll^ = —— loglldTrf. 

^ml v*ci(L,g L ) 

By substituting (5.5) and Td(TX/S,g x/s ) = (J,*Td(U,gu) into (5.4), we get 



log 



lA(n* A ,®(7r«n^)®(f-«),Q,g 7r , n i 
II A(a^,(»(7r*ai.)®(P" i )),Q,7r*fe s 



(5.6) 



TT,ifTd(U, gu )ch(n l x ,g x ) 



v*ci(L,g L ) 



log|Mvr|| 



(0,0) 



(p-i)5* cl (£, 9£ ) _ 1 (°'°) 

7T* <{ M*Td([/, ga) ef ch(^, g *(l og ||d7r|| 2 ) 

v*ci(L,g L ) 



which yields that 
(5.7) ' 



log 



\\(e p x/s ),Q,7r*k s 



E(-l)^'log 



3=0 



ll A(0^,igi(7r*ni)®<3'-J)),Q, 97r , n i 
M A(n^®(7r*n^)®Cf-3)),Q,7r*fc s 

p <- e (p-i)ci(i,flz.) _ ! 



g*(log lldTrf) ^(-l)^^Td(C/, 9t/ ) J? 



Ci(L,g L ) 



(0,0) 



Lemma 5.8. Let ip be a d and B-closed C°° differential form on X . Let (F, || • ||) 
be a holomorphic Hermitian line bundle on X . Let s be a holomorphic section of 
F with div(s) C Ubez> -^b- Then the following identity of functions on U holds 

*.((bg|M| a )¥>) (0 ' 0) |w=B If <p) log|f| 2 . 

\Jdiv(s)nX J 

In particular, 



ip) log 



^(g*(log||d7r|| 2 )^°<% ^ B 

Proof. See |HTJ Lemma 4.4 and Cor. 4.6] □ 

Since Ef=o(jl) p - J M*Td(£7, 9u ) V* { ^tS'' 1 }g*ch(n*,, g x ) is a differ- 

ential form on X and since v*c\(V) — —Jl*ci(H) in H 2 (it" 1 (U) , Z), Proposition 5.6 
follows from (5.7) and Lemma 5.8. □ 
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5.7. Proof of Proposition 5.7 

We need the following result: 

Theorem 5.9. Let £ — > X be a holomorphic vector bundle on X equipped with a 
Hermitian metric h^. Let A(£) = deti?7r„^ be the determinant of the cohomologies 
of £ equipped with the Quillen metric || • q with respect to g x /s an d £■ Let s 
be a nowhere vanishing holomorphic section of \(£)\u ■ Then 



io g \\sf Q>m = B Qf fL*{rd(u) 



Td( Cl (#))-l 



g*ch(0 log |f 



ci(H) 

Proof. See Th. 1.1]. □ 

Let <7( pj ) be a nowhere vanishing C°° section of \(Q J X (8 (7r*rig)®( p_ ^)|^. Then 



is a nowhere vanishing C°° section of \{£ p x , s )\u- Since 7r*f2cj is trivial near Eq and 
since 

p 

■ \\l{£ P x/s ),Q,n'k s = ^2(- 1 ) P Jl °g\\ ■ llA(n^®(7r*nl)®CP-«),Q, w «fe s ' 

we deduce from Theorem 5.9 that 

2 



l °g\Wp\\\(S x /s ),Q,7r«fc s lw 



P 

= H(- 1 ) P ^ 1 °gll CT (Pj)llA(0^®(^ai)®( P - J )).Q. 7 r*fe s lw 
V 



g(-l)^ (jf £t* {Td(tO - } 9*ch(4 ® (tt*^) 8 ^)) log|tj 

s - f / go B-^y {Td(^ = 1 } g -ch(na j iogi^. 

This completes the proof of Proposition 5.7. □ 

5.8. An extension of Theorem 5.4 

Let hn-i(ic) be a Kahler metric on ir~ l (U), and let /i^/s he the Hermitian metric 
on TX I S induced from h^-i^y We do not assume that h^-i^ extends to a Kahler 
metric on X. 

Theorem 5.10. Let a p be a nowhere vanishing C°° section of the Kahler extension 
X(£ x , s )\u- Then 
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Proof. By the anomaly formula [111 Ths. 0.2 and 0.3], we have on U° 

lo S (ll ' Wl(£ p x/s ),Q,h x/s /\\ ■ Wl(£ x/s ),Q,g x/s ) 
= £(-l)* ? 7r, (fd(TX/S; g x/s> h x/ s)ch(fl% /s ,h n%/s ) 



(5.8) 



|-£(-l)«g,r, (Td(TX/S,g x/s )ch(n% /s ; 9^,^^" 



i 

Let hu be the Hermitian metric on U induced from (II v )*h 7r -i(j / (). Let h^i 
be the Hermitian metric on ^ x \^-^{u) induced from h^-i^y Let ^n^ /s be the 
Hermitian metric on £l x / S induced from h^. Let h A qQ be the Hermitian met- 
ric on A q Q induced from n*h,Qi . Then we have the following isomorphisms of 
holomorphic Hermitian vector bundles over X \ S ff : 

(5.9) (TX/S,h x/s ) = ft*(U,ha), hn %/g ) = v* (A q Q, h A9Q ). 

By (5.1), (5.8), (5.9), we get 



log (ll 



\\{e* /s ),Q,h x/3 /W • h(e x/s ),Q, gx/s 



(5.10) 



E 

1 



(-l) q qn* (j?Td(U; 9u , h v ) £*ch(A«Q, fc A , Q )) ^ 
{-iyq%* (/TTd(C/, 5a )^ch(A 9 Q; g MQ ,h A « Q )) 



0. 



Here the right hand side of (5.10) lies in B(U) by |3J Th. 4bis], because 

M*Td(f7; hu, 9u ) ?*ch(A«Q, fc A , ), Jl*Td(U, 9u ) v*ck(f\ q Q; h AqQ ,g A « Q ) 
are C°° differential forms on ir~ 1 (U). The result follows from Th. 5.4 and (5.10). □ 

5.9. The case of ODP 

In Subsection 5.9, we assume that Y. n n Xq consists of non-degenerate critical 
points. Hence Sing(Xo) consists of ODP's. For y G X, let be the maximal 
ideal of the local ring O x , y . Then there exists a neighborhood of Xq in X on which 
Xe„ = ®i/6Sing(x ) 1 Tia- Let g : X — > A" be the blowing-up of the discrete set S^nXo, 
and set := for y e Sing(X ). Then E = U yeSing{Xo )Ey and E y = P". 

Since S„ is discrete, we may identify P(il x ) and P(TX) with the trivial projective 
bundle on a neighborhood of S^flXo by fixing a system of coordinates near S^flXo. 
Under this trivialization, we consider the Gauss maps v and [i only on a small 
neighborhood of E w n Xq. Then we have the following on a neighborhood of each 
y e S^fllo: 

»{ Z ) = v{ Z )=(^{z):-:^{z) 



v 8zq dz n 

Since 7r is non-degenerate at every y £ S T n Xq, we may assume by Morse's lemma 
that ir(z) = Zq + ■ ■ ■ + near n Xq. Hence the composition v o q: X \ Eq — > P" 
extends to a holomorphic map 57 := o q : X — > P™ such that 

v\e = V\e = ids. 
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For n G N and < p < n, set 

For a formal power series f(x) G C[[x]], we define f(x)\ x ™. to be the coefficient 
of x m of f(x). Recall that the metric h x /s IS defined only on TX / S\^-i(jx)\i:„- 

Theorem 5.11. Let a p be a nowhere vanishing C°° section of the Kahler extension 
X(£ x ^ s )\u- Then the following identity of functions on U holds 

(-l) P log|k P (t)|| 2 A(£ P /s);Q;?l;t/s =b (-l) n 5(n,p)#Sm g (X ) log|i| 2 . 

Proof. In Theorem 5.10, we can identify U (resp. L) with the universal hyperplanc 
bundle (resp. tautological line bundle) on P™. Then H = Lr 1 . Set x := c\(H). 
Hence J rn x n — 1. From the exact sequence — > J7 — > C rl+1 — > H — > 0, we 
get Td(U) = Td _1 (a;) = (1 — e~ x )/x. Since q(E ) consists of a point, we get 
q*QP x \ Eo = C®^? 1 ). By substituting this and the equation q*ch(Ct x )\ Eo = ("J 1 ) 
into the formula in Theorem 5.10, we get 

Ip-ir-F {T d( ,) T ^' g »» -;"'"'"' } 9 *ch ( oi) 
_ Wo) t ( . ir ^.ZM^±.(»;i) 

<5 ' u) =~.>|:(-i>"(T) X 1 "" ^ 

= #Sing(X ) ^(-l) p " j r n+1 Ve-^ +1 > - e -(f-J>}| xB+a 
j=o \ 3 / 

= (-l) n -P6(n,p)#Smg(X ). 
The result follows from Theorem 5.4 and (5.11). □ 
Lemma 5.12. The following identities hold: 

3 19 

«J(3,p) + 5(3,3-p) = l (0<p<3), ]T p( 5(3,p) = T . 

Proof. By the definition of S(n,p), we get 

1 97 Q^i iiq 

5(3,0) = , 6(3,1) = —, 5(3,2) = —, 5(3,3) = —, 

which yields the result. □ 
Set 

* := ^=o4" 1)Pp - 
Then a is a nowhere vanishing C°° section of X(Q X ^ S ) near V. 
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Theorem 5.13. When n = 3, 

19 

\og\\a(t)\\l {n . x/s)}Q}hx/s = B - T #Smg(X ) log|i| 2 . 
Proof. By Theorem 5.11, we get 

3 

log|kllA(0^ /s ),Q, to/s |w=^(-l) P p toS\Wp\\l(£* ),Q,g x , a \u 

3 

=B (-l) 3 ^P<5(3,p) #Sing(X ) log |t| 2 . 

This, together with the second identity of Lemma 5.12, yields the result. □ 

Remark 5.14. In our subsequent paper |18|. we shall determine the behavior of 
log j q h x/s as i — > for arbitrary relative dimension n. 

6. The cotangent sheaf of the Kuranishi space 

Let X be a smoothable Calabi-Yau n-fold with only one ODP as its singular 
set. Let p : (X, X) — > (Def (X), [X]) be the Kuranishi family of X with discriminant 
locus 5). Then 5E, Dei(X), and 2) are smooth by Lemmas 2.3 and 2.7. 

Lemma 6.1. The dualizing sheaf K% of X is trivial. In particular, the relative 
dualizing sheaf K x / D d(x) — Kx ® (p*^Def(x)) 1 * s trivial. 

Proof. By the same argument as in |22 P-68 1.25-1.28], we see that Kx\x„ — Ox s 
for all s E Def (X). Since Def (X) = A N+1 , we get the triviality of Ky_ by the same 
argument as in [S3 p.68 1.29-1.33]. □ 

Recall that the Kodaira-Spencer isomorphism 

PDcf(X)\£> : ©Drf(X)\S —* -R 1 p*@X/Dcf(X)lDcl(A)\S) 

was defined in Subsection 4.2. By considering the dual of pr>et(X)\Di the relative 
Serre duality induces an isomorphism of 0Dcf(A)- m °dules on Def (X) \ D: 

PDc{(X)\S : P*(^£/Def(Jf) ® ^/Dcf(X))lDcf(X)\£) — ^Def(X) bef(X)\S ■ 

Theorem 6.2. The isomomorphism PDef(X)\s ex t en ds to an isomorphism 

PDrf(X) : Rn ~ P*(^£/Def(X) ® #2/Def(X)) — ^Dcf(A)- 

of 0^, c f^x)-i r nodules over Def (X). 

The isomorphism Pn e f(x) ^ s a g a i n called the Kodaira-Spencer isomorphism. Be- 
fore proving Theorem 6.2, we first prove an intermediate result in the next subsec- 
tion. 
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6.1. Blowing-up and the regularity of differential forms 

Set 

A^ = {(z,[(})eA n+1 xV n ;z l ( :) -z 3 Q = 0<i,j<n}, q := p^. 
Then q: A n+1 -> A n+1 is the blowing-up at the origin. Set E := o/ _1 (0) and 
Ui : - {(z, [(}) e Ci ^ 0}, := {z e z\ n+1 ; * ^ 0}, 

WJ : = {(Co, ■ • • , Ci-i. «i, Ci+i, ■ ■ ■ , Cn) e C n+1 ; \z t \ < 1, < 1 (.? ^ »)}• 

Then f7; C C™ +1 via the map 

Wj 9 (Co, • ■ • , C»-li 2»>C*+1> ■ • ■ , Cn) 

- * (( z iCo, • • • , 2»Ci-lj 2»j Z*Ci+l) • ■ • , z iCn), [Co = ' ' ' = Ci— 1 : 1 : Ct+1 : " " " : Cn]) € 17,. 

By construction, we have A n+1 = U" = o ^ ana ^ 

£nf7; s {(Co,...,Ci-i.«i.Ci+i,---,Cn) e Wi; ^ = o}, a(t7i) d 0». 

Let be the C°° (n, 0)-form on Oj defined by 

\zj\ 2 dzo A • • • A A dz i+1 A • • • A dz„ 

Wij := N 2 + --- + W 2 ' 

Lemma 6.3. For aZZ < i, j < n, ifte C°° (n,0)-form q*ujij on g _1 (Oi) = Ui\E 
extends to a C°° (n,0)-form on Ui and satisfies q*Uij\EnUi = 0- 

Proof. Since q\ W( (Co, ■ • • , C<-i> z h Cm, ■ ■ ■ , Cn) = (^Co, • ■ • , z*C»-i> z*> • ■ • , ^Cn) 

under the identification 17$ = W,, we get the following two formulas: 

icfa + iicii 2 )- 1 u*i) 



MH- + WV I (i + IICII 2 )- 1 (j=<). 

g* ^™ ^d^o A • • • A cZ^_i A A • • • A dz n ^j 

= zr ( " _1) d(z 4 Co) A • • • A d(ziCi-i) A d(^iCi+i) A • • • A d(z,C„) 
= ^ dCo A • • • dC» • • • A d Cn + dzi A ^(-l) J_1 d<o A • • • d(j ■ ■ ■ dQ • • • A dC„ 

j<i 

+ d Zl A ^(-l)-'dCo A • • • aXi ■ ■ ■ aXj ■ ■ ■ A dC„ G A n,0 (Ui), 

3>i 

which yields that q*u)u G A n '°(Ui) and <z*Wii|Bn(7 i = 0. Since q*u>ij = q* UJ u 
when j ^= i, the assertion for q*uJij (i =/= j) follows from the assertion for q*u>u. □ 

6.2. Proof of Theorem 6.2 

For simplicity, we set 

X:=X, S:=Def(X), tt := p, := [X], X Q := X, iV + l = dimS. 

Hence (5,0) ~ (A N+1 ,0) and tt: (X,X ) -» (5,0) is the Kuranishi family of X . 

Let s = (so, . . . , sjv) be a system of coordinates of 5 such that D = div(s )- We 
set s' = (si, . . . , s;v). Then d/ds a is a nowhere vanishing holomorphic vector field 
on 5 for < a < /V. 

(Step 1) The Kodaira-Spcncer isomorphism ps\s) : S \ S — ► ii^G.wslsvs yields 
holomorphic sections p(d/ds a ) e H°(S\ D, IV-k^Qx /s)- Let (-,) s be the Yoneda 
product between H n - 1 (X s , Q Xg <g> X X J and Ext^ Xs (^x s O K Xa ,K Xa )- 
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Since /i™" 1 ^,^) = N+l, there exist ^o, • • • , <t>N € H n ^ x {X, Vl x/S (g> K x/S ) 
such that 

(i) {4>o, . . . , 4>n} is a basis of i?"^ 1 ^* ® -FOr/sO as a free Os-module; 

(ii) {4>o\x a , ■ • • , 0at|x 3 } is a basis of H n ^ l (X s , fl Xs (g> K Xs ) for all s G S; 
(hi) (<t> a \x o ,Po(d/ds )) o = S af3 for < a,/3 < N. 

Let : H n ^ 1 {X s , il x <g) i"Of s ) — ^ ^5 s be the dual of the Kodaira-Spencer map. 
For s e S, set 

g a p{s) := {4> a \x s ,Ps{d/dsf3)) s = ((p y s {<t> a \x s ),d/ds p )), 

where ((■, •)) : fig s x TS S — > C is the natural pairing. Then g a p is a function on S, 
which is holomorphic on S \ S but which may not be continuous on S, such that 

50/3(0) = S a 0. 

It suffices to prove g a p £ C°(S); if it is the case, (g a p(s)) is a family of invertible 
matrices depending holomorphically on s E S, so that R"^ 1 ^^^ , s ® Kx/s) is 
the holomorphic dual bundle of 65 via the extension of Pg\^- 
(Step 2) Let A x be the sheaf of germs of C°° functions on X, and let A x 9 be the 
sheaf of germs of C°° (p, g)-forms on X. Set 

A™(X, fl x/s ® ^ /s ) := r(A-,^ 9 So* ® ^ /s ). 

Then A p ' q (X, £l x , S <H)K X /s) is the vector space of C°° (p, g)-forms on X with values 
in fl x / s <S> Kx/s- By Malgrange jSHl PP-88, Cor. 1.12], is a flat A*-module. 
Hence we have the Dolbeault isomorphism ^ Chap. VII, Prop. 4.5] 

H^iX^^^Kx/s) 

_ ker{d: A°' n - 1 (X,n 1 x/s ®K x/s )-*A°' n (X,n 1 x/s ®K x/s )} 
~ Im{5: A°.<^*(X,n x/s ®K x/ s)^AO^(X,n x/s ®K x/ s)Y 

Let $ Q e A '™ -1 ^, fij^/g <8> Kx/s) be a 9-closed differential form representing 
Q , i.e., Q = [$„]. 

(Step 3) To study the behavior of g a f3{s) near 5), we compute a representative of 
the Kodaira-Spencer classes p(d/ds a ) in the Dolbeault cohomology. 

Near the critical locus C X, there is a neighborhood V = Z\ n+1 x Zi^ of 
Stt in A" such that 7r(zo, ■ ■ • , z n , s') = (zq + • ■ • + z\, s\, . . . , sisr). Hence we have 
E,ny = {0}x A N . For i = 0, 1, . . . ,n, we set 

V- := A'- 1 xA*x A n ~ l x A N = {{z, s') G x A N ■ Zi ^ 0}. 

Then {Vi}i is an open coverin g of V \ i.e., V \ S T = (J"=o ^- Let {Kx}agA 
be an open covering of X \ V such that V\ = A n x A N+1 and 7r|y A = pr 2 . Then 
93 := {Vi}i U {Vx}a is an open covering of X \ £„.. 

First let us construct a representative of the Kodaira-Spencer class p(d/ds a ) in 
the Cech cohomology with respect to the covering 93. 

On Vi, set 

Then u^,...^ G ff°(K,e^) and tt*^) = gf- (a = 0,...,iV). We also fix a 
holomorphic vector field u« such that i4 = d/ds a on every W We get in Cech 
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cohomology 

P (^) = {(^ - ^knvjv^e* e H\X \ E OT , 6^ /s ; 2J). 

Let {xi}i U {xa}a be a partition of unity of X \ Y,^ subject to the covering 23 
such that on Vi, 

Xl{z) = RF^TkF' ' "• 

Then the following differential form £ Q e A°> 1 (X\ T, 7T7 Q X / S ) represents p(d/ds a ): 

' _d_ 



In particular, we get on V \ T, v 

n - Id 

Coins, =^dx l ® l^.-fc.i Cains, =0 (a = l,...,N). 

i=0 1 1 

(Step 4) Let us study the behavior of g a p\s\s{ s ) as s ^ 2). Let g(z) e C£°(A n+1 ) 
be a cut-off function with g = 1 near € Z\™ +1 . Recall that /,(•) denotes the interior 
product. There exists h a p(s) <G C°°(S) such that for s e S \ 3D, 



0a/3(s) = (<l> a \x s ,Ps(d/dsp)} s = / t(^)$ a = / • t(C/3)$« + /i Q/3 (s). 

Since £g = on V \ for /3 7^ 0, <7a/3|s\2>(s) extends to a C°° function on 5 if 
[3^0. Let us prove that g a o\s\v extends to a continuous function on S. 

Since <I> Q is a (0, n — l)-form on X with values in &x/s ® K x /s, we can write 

n 

<&a\v =Y^ 6 *( Z i S ) [dZi]®T), 
i=0 

with = dzi mod (7r*ds , . . . , n*ds N ), 9 l a e A '™ _1 (1 / ), and 

dzo A • • • A A ebi+i A • • • A dz„ / eko A • • • A dz r 

■= (-1) 



= Res 



z + • • • + z n 



Vi 



2z, 

Hence we have the following formula on Vi 

n \ U 

(6-i) - Zl Zl k=0 

= \ E a »?k = 1 E(-i)- +4 ^r 3 fli a b^, 

j=0 i i=0 

where we used the following relations to get the second equality: 

" - Id 

^~ a - ) 7r * rfsfe =0 ' fc = 0,...,iV. 

Let q : X ^ X be the blowing-up along the submanifold S, cF with exceptional 
divisor E := g -1 ^) = FiN^/x)- Then g| B : P(7V S7r/y ) -» T, n is the standard 
projection. Since n > 3 and since {[/i x Zi^ji is an open covering of V := 
we deduce from Lemma 6.3 and (6.1) that g* (*.(&)$«) € A (rl '™) (;?). 
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Set 7T = 7T oq. By King [HI Th. 3.3.2], we have 7r*g*(t(£ a )$«) G C°(S). Since 

3ao|s\S = 7T*(t(Co)*a) = 7T*<7* (t(£ )$a), 

5qo|s\s> extends to a continuous function on S. 

(Step 5) Let s G 2D- We must prove limg\ S3s _,. So 5a^|s\s(s) = g a p(so)- Let 
Ys be the proper transform of X so . Since q _1 (X S0 ) = Y SQ U E 1 and since g a p\s\Zi 
extends to a continuous function on S, we get 



s^s 



Km g a f3\s\ s (s) = / g*WC/s)*a) = / q*(^p)^ a )+ / «*(t(f/j)*a) 



Since q*(i{£p)&a)\E — by Lemma 6.3 and (6.1), we get 

Iim g a p\s\s>(s) = [ 9*0(£/3)$a) = I i(£p)®o t = {(pa\x ao ,p So (-^-)) So =g a p(so), 

where we used Lemma 2.9 to get the third equality. This proves g a p(s) G C°(S). 
This completes the proof of Theorem 6.2. □ 

7. Behaviors of the Weil-Petersson metric and the Hodge metric 

In this section, we study the boundary behavior of the Weil-Petersson metric and 
the Hodge metric for one-parameter families of Calabi-Yau threefolds that shall be 
used later. We first recall some basic notions about positive (1, l)-current and give 
two lemmas on harmonic functions on A*. 

7.1. Positive (1, l)-currents and their trivial extensions 

Let u be a (1, l)-current on A. Then u is positive if u is real and if the inequality 
u((p) > holds for all non-negative function <p G Cq°(Z\). For real (1, l)-currents 
u, v on A, u > v if u — v is a positive (1, l)-current on A. For a divisor H on A, 
let Sh be the current of integration over H. A real- valued function / G L\ oc (A) is 
subharmonic if / is upper semi-continuous and if dd c f > as currents on A. 

Let loa* be the Kahler form of the Poincare metric on A*; 

Teft A dt 



A C°° real (1, l)-form T on A* has Poincare growth if there exists C > with 
(7.1) -Cu A . <T< Cw A *. 

In that case, the coefficient of T lies in L\ oc (A). The (1, l)-current on A defined by 
f(V0 := / tpT, ^eC^(A) 



is called the trivial extension of T from A* to A. We have loa' = —dd c log(— log \ t\ 2 ) 
as currents on A. 

7.2. Two lemmas on harmonic functions on A* 

Lemma 7.1. Let H(t) be a real-valued harmonic function on A* . 

(1) There exist c e M and F{t) G 0(A*) with H(t) = c log \t\ 2 + 2ReF(t). 

(2) J/ i/iere enst 7 G R smc/i tfwrf \t\"'e H ^ G i^^), #ien F(i) G 0(A). 

(3) If H(t) — 0(log(— log \t\)) as t — > 0, i/iera -ff(i) extends to a harmonic function 
on A. 
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Proof. (1) Since H(t) is harmonic on A*, there exists f(t) G 0(A*) with dH(t) = 
f(t) dt. Let f(t) = J2nez, a ™ be the Laurent expansion of f(t) and define the 
meromorphic function F(t) on A* by F(t) := J2 n7 t-i ;r+T* n+1 - By tnc rcaut y of 
H(t), we get dH{t) = a_i* + a_if + dF(t) + Integrating the both hand 

sides over the circle \t\ = 1/2, we get a_i G M by the Stokes theorem, so that 
dff(i) =a_ l( ilog|t| 2 + 2d{RcF(t)}. This proves (1). 

(2) By assumption, we get 

(7.2) / \t[ 1+2c \e F{t) \ 2 V^ldt Adi < +oo. 

J|t|<l/2 

Since e F W is holomorphic on A*, we deduce from (7.2) that e F ^ is a meromorphic 
function on A. There exist i/gZ and a nowhere vanishing holomorphic function 
e(t) G O(Zi) with e F (*) = f e(i). Then F'(i) = i/i" 1 + e'(t)e(t)- 1 . Since F(t) is a 
meromorphic function on A*, the residue of F'(t) must vanish, i.e., i/ = 0. Thus 
we have proved that F(t) — loge(t) is holomorphic on A. 

(3) Since e ff(t) G L\ oc (A), H(t) - c log \t\ 2 is a harmonic function on A by (1), (2). 
Since H{t) = 0(log(— log \t\)) as t — > 0, we get c = 0. This completes the proof. □ 

Lemma 7.2. Let A(i) &e a positive, locally L m -integrable function on A for some 
m > 0. Le£ x(i) &e a function on A* satisfying x(i) < C (— log |t| + 2), w/iere 
C 6 1 is a constant. If log X(t) + x(t) is harmonic on A* , then there exists c G K 

log A(t) = c log |i| 2 + 0(|x(*)| + 1) (t -> 0). 
Proof. Set ff(t) := log A(i) + Since x(*) < C (- log |t| + 2), we get 

(7.3) log A(t) = if(t) - X (t) > # (*) - C (- log |t| + 2). 
Since A(t) G L m (Z\(l/2)), we get 

(7.4) e -2Cm /" \t\ Cm e mH ^V^ldtAdi< [ \{t) m V^Trft Adi < +oo. 

JA(l/2) Ja(1/2) 

By (7.4) and Lemma 7.1 (1), (2), there exists ceM and F(t) G 0(A) with 

(7.5) Jf(t) = clog|t| 2 + 2ReF(t). 

Since logA(t) = i?(t) - x(t), the result follows from (7.5). □ 

7.3. The boundary behaviors 

In Subsect. 7.3, we fix the following notation. Let X be a, (possibly) singular 
complex fourfold and let ir: X — > A be a proper surjective holomorphic function. 
Assume that X t := 7r _1 (t) is a smooth Calabi-Yau threefold for t G A*. We do noi 
assume that the central fiber Xq has only ODP's as its singular set. Recall that 
the Weil-Petersson form uJwp,x/a and the Hodge form u)u,x/A for 7r: X — > Z\ were 
defined in Sects. 4.3 and 4.4.3, respectively. 

Proposition 7.3. T/iere exists a positive constant C such that 

(7.6) < lu W p,x/a < Cuj a *, < Uh,x/a < Cu>a*- 

In particular, the positive (1, l)-forms uJwp,x/a an d ^h.x/a on A* extend trivially 
to closed positive (1, l)-currents on A. 
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Proof. We follow |37l Proof of Th. 5.1]. Since (7.6) is obvious when ujyi.x /a = 0, we 
assume that 0Jn,x/A does not vanish identically on A*. Shrinking A if necessary, 
we may assume that uj^x /a is strictly positive on A* . Let b G A* . Since uj^.x I a is 
non-degenerate at b, the deformation germ ir : {X , X^) — > [A, b) is induced from the 
Kuranishi family by an immersion of germs (A, b) (Dei(Xb), [Xf,]). Let wh be 
the Hodge form on Def(Xb). By |36l Th. 1.1.2], the holomorphic sectional curvature 
of (Def(Xb), wh) is bounded from above by a :— —(5 + 2v / 3)~ 1 . Since b e A* is 
an arbitrary point, the holomorphic sectional curvature of [A* , u>n t x /a) is bounded 
from above by a (cf. e.g. |291 Prop. 2.3.9]). The second inequality of (7.6) follows 
from the Schwarz lemma [291 Th. 2.3.5]. The first inequality of (7.6) follows from 
the second one because 2 uJy/p^x/A < ^s,x/A by .•'>'» P-107, 1.17]. 

Since (A(r)*, u>a*) has finite volume when r < 1, the positive (l,l)-forms 
uJyfp : x/A an d ^n,x/A extend trivially to closed positive (1, l)-currents on A. □ 

Definition 7.4. Define f! WP i¥ and Sin.* /A as the trivial extensions of <jJwp,x /a 
and LUn t x/A from A* to Z\, respectively. 

Lemma 7.5. Let A, L? 6 R. Let A(i) 6e a positive, locally L rn -integrable C°° 
function on A* for some m > smc/i i/ia£ — <id c log A = Alu-rx/a + B lo^px / a- 

(1) There exists c£R suc/i i/iai as i — > 0. 

lo g A(i)=clog|i| 2 +0(log(-log|i|)). 

(2) Wzfft i/ie some constant c as above, the following equation of currents on A 
holds: 

-dd c log A = Att Hi x/A + Btt WPt x/A - c8q. 

Proof. We follow |6l)l Prop. 3.11]. By 0^1 Proof of Lemma 5.4], there exist subhar- 
monic functions tp and 9 on A such that the following equations of currents on A 
hold: 

(7.7) ^wv,x/a = dd c ip, &-r,x/a = dd c 9. 
Since ip and 9 are subharmonic, there exists Co £ 1 with 

(7.8) <p(t) < C , 9{t) < C , te A(l/2). 

Since oJX* = —dd c log(— log |t|) as a current on A, we deduce from (7.6) that 
dd c {-Clog(- log \t\)-<p} = Cu£- n WPtX/A > 0, 

dd c {-Clog(- log \t\)-0}=C£Z- ^h,x/a > 0. 

Hence — Clog(— log \t\) — cp and — Clog(— log \ t\) — 9 are subharmonic functions on 

A, so that there exists C\ £ M. with 

(7.9) 

-CTog(-log|i|)-^(t) <C U -C\og{-\og\t\)~9(t)<C 1 , Vt 6/1(1/2). 
By (7.8) and (7.9), there exists C 2 6l such that for all t 6 A(l/2), 

(7.10) -C log(-log|i|)-Ci < cp(t) < Co, -C logt-logltD-d < 9{t) < C . 
Set 

(7.11) H(t) := log X(t) + A 6{t) + B <p(t). 
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Since dd c H — 0, H{t) is a harmonic function on A*. Since X(t) is locally L m - 
integrable on A, the first assertion follows from (7.10) and Lemma 7.2 by setting 
X(t) = A9(t) + B <p(t). The second assertion follows from (7.5), (7.7), (7.11). □ 



(2) With the same constant a as above, the following equation of currents on A 
holds: 



(3) If Xq is a Calabi-Yau threefold with at most one ODP and if ir: X — > A is the 
Kuranishi family of Xq, then a = 0. 

Proof. (1) Set X(t) :— gyjp.x /a{§i^ J?) ano - A= 1, B = —Ain Lemma 7.5. By the 
definition of Hodge form, we have —dd c log X — ujh x/a ~~ ^^wp^/a on A*. Since 
X(t) £ L\ oc (A) by Proposition 7.3, the result follows from Lemma 7.5 (1). 

(2) The result follows from Lemma 7.5 (2). 

(3) The result follows from [541 Cor. 5.1]. This completes the proof. □ 

If X is smooth, tt*K x is locally free by [521 p. 391, Th. V]. Since K a is trivial 
and since h°(X u K x \X t ) = 1 for t £ A*, n*K x/A = n*{K x <g> ir* K A V ) Si n*K x is 
an invertible sheaf on A in that case. 

Lemma 7.7. Assume that X t is Calabi-Yau for all t £ A* . If X is smooth, there 
exists £ £ H°(X, K x ) such that div(f) C X . 

Proof. Since ir*K x is an invertible sheaf on A, there exists £ £ H°(X , K x ) — 
H°(A,n*K x ) that generates n*K x as an O^-module, i.e., %*K X = Oa • £,■ Since 
H°(X u K x \ Xt ) S H°(X u K Xt ) Si C for all t £ A*, we get H°(X u K x \ Xt ) = C£\x t 
in that case by P Chap. 3, Th.4.12 (ii)]. Since K x \ Xt = K Xt = Xt for t £ A*, 
£\x t is nowhere vanishing on X t , t £ A* . This proves the lemma. □ 

If X is smooth, there exists £ £ H°(X, K x ) by Lemma 7.7 such that div(£) C Xq. 
In that case, we define a section r)x/A £ H°(X,K x /a) by rj X / A '■— £ ® (7r*cft) _1 . 
We identify | x t with the Poincare residue 77* : = Res^t £/(ir — t) £ H° (X t , K Xt ) 
for t£ A*. Then 



and ry^ /a is regarded as a family of holomorphic 3-forms. We also regard rj x /a as 
the corresponding element of H°(A, tt*K x /a)- 

Proposition 7.8. Assume that X is smooth. Let 7] X /a be a nowhere vanishing 

holomorphic section of ' it*K x /a- 

(1) There exists j3 € K such that as t — > 0: 



Let ffwp.A'/zi be the Kahler metric on A* whose Kahler form is cowp.x/a- 

Proposition 7.6. Assume that /i 1,2 (X t ) = 1 for all t £ A* . 

(1) There exists a £R such that as t — » 0: 





(7.12) 



f |x t = Vt ® e^r, 



log ||^/4 = /? log |i| 2 + 0(log(- log |t|)). 
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(2) With the same constant [3 as above, the following equation of currents on A 
holds: 

dd c \og\\i] X/A (t)\\ 2 L 2 = PS - £l W p,x/A- 

(3) If Xq is a Calabi-Yau threefold with at most one ODP and if £ is nowhere 
vanishing on X, then log || f]x /^{t)\\ 2 L2 extends to a continuous function on A. In 
particular, f3 = 0. 

Proof. (1) Set X(t) := \\rj X / A (t)\\ 2 L2 and A = 0, B = 1 in Lemma 7.5. Since 
/ \(t)\f-idt A di = / tt* {V^lrjx/A A WJa) \f-idt A di 

Ja{1/2) JA(l/2) 

£ Af < +oo 

-MA(l/2)) 

by (7.12), we get A(t) € L 1 1 oc (Z\). Since — dd c logA = <jJ WPX /a by the definition of 
the Weil-Petersson form, the result follows from Lemma 7.5 (1). 

(2) The result follows from Lemma 7.5 (2). 

(3) The result follows from e.g. |591 Proof of Th. 8.1]. This completes the proof. □ 

7.4. The boundary behavior of the anomaly term 

In Subsection 7.4, we fix the following notation. Let ir : X — > A be a proper 
surjective holomorphic function on a smooth Kahler fourfold with critical locus 
so that 7r has relative dimension 3. Assume that £„■ C Xq and that X t is a smooth 
Calabi-Yau threefold for all t € A*. 

Let gx be a Kahler metric on X. Let jx be the Kahler form of gx and set 
7t := jx\xt- Recall that the anomaly term A(X t ,j t ) was defined in Definition 4.1. 
The following result is a generalization of |6(J1 (6.17), (6.19)]. 

Proposition 7.9. (1) There exists c€l sucft £/ia£ as t — > 0: 
Iog^(Jf tJ 7 t ) = c log |i| 2 + 0(log(- log |t|)). 

(2) J/ £„. consists of a unique ODP and if Xq is Calabi- Yau, then as t — ► 
log.4(X t , 7t ) = -^log|i| 2 + 0(l). 

Proof. (1) Let g^/zi be the Hermitian metric on TX/A induced from gx, and let 
7 a" I a be the corresponding (1, l)-form on TX/A. Then we may identify 7^ i A with 
the family of Kahler forms {jt}teA- Let N x ^, x be the conormal bundle of X t in 
X for t G Then tfvr = ?r*dt G H°(X t ,N x , x ) generates N x , x for < G A* , so 
that Nx t jx 1S trivial in that case. Since the Hermitian metric on fl\ (t is induced 
from gx via the C°° identification Q Xt = {N Xt ^ x ) 1 ' and since (7^/^/3!)|jc t is the 
volume form on fl x , we get 

(7.13) 4 = ^A(VT ^ * ^ 



4! 3! V ll<MI ll^ll 
By Lemma 7.7, there exists £ G i?°(A', if^) such that div(£) C Xq. As before, 
define t] X /a € -H" ^, Kx/a) b y to/4 : = £ ® (7r*d£) -1 , and identify ^/ziU t with 
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the Poincare residue rjt ■= Resx t £,/(n — t) e H°(X t , Kx t ) for t e A*. Then ?7^//\ 
is regarded as a family of holomorphic 3-forms {r]t}. By (7.12) and (7.13), we get 



(7.14) 



'-lVx/AAri x/A (-1) 3 V^1CAC 



IICII 5 



12 " 



Let X denote a general fiber of it: X — > A Let A(X/A) be the function on Z\* 
defined by ^(A'/Zi)^) := ^(X t , 7t ). Then 



(7.15) 



fog^A/M) = -^7T, 



log 



c 3 (TA-/Z\,^ M ) 



+ 



12 



We use the notation in Subsection 5.3. Hence q: X — > A" is the resolution of the 
Gauss maps /x and v. Substituting (7.14) into (7.15) and using (5.1), we get 
(7.16) 



\ogA{XjA) = --"^r* 



12 



log 
logg* 



\w 
w 
lien 2 



||d7r|| 



c 3 (TX/A,g x/A ) 



+ 



X{X) 
12 

X(X) 
12 



fog 11^ //ill 



L 2 



fogll^/zillL 2 - 



Since div(<?*£) C 7f _1 (0) by the condition div(£) C Xq, the assertion follows from 
Lemma 5.8 and Proposition 7.8 (1) applied to the second line of (7.16). 

(2) Assume that consists of a unique ODP and that X is Calabi-Yau. We use 
the notation in Subsect. 5.9. We may assume by Lemma 6.1 that £ is nowhere van- 
ishing on X. Hence div(<7*£) = 0, and n*{q* log ||£|| 2 Jl*c 3 (U, gu)} and log \\r] X / A \\ 2 L2 
are bounded as t — > by the first equation of Lemma 5.8 and by Proposition 7.8 

(3) . We deduce from (7.16) that 



(7.17) \ogA(X/A) = -^{ <z *(log||^|| 2 )^ C3 (;7, ffc/ )} + 0(l). 

Since E = P 3 and (p = (—l) 3 jl*C3(U) in the second equation of Lemma 5.8, we get 



(7.18) log A(X/A)(t) 
This proves (2). 



= (12/3' 



c 3 (U)) log|i| 2 +0(l) = 



til 
12 



log|i| 2 +0(l). 



□ 



7.5. The Weil-Petersson and Hodge metrics on the Kuranishi space 

In Subsect. 7.5, we fix the following notation. Let X be a smoothable Calabi-Yau 
threefold with only one ODP as its singular set, and let p : (X, X) — ► (Def (X), [X]) 
be the Kuranishi family with discriminant locus 2). Assume that dim Def (X) = 
h^iX) = 1. 

By Lemma 6.1, there exists a nowhere vanishing holomorphic 4- form £ on X. 
Then r}x/Tiei(x) = £ ® w*(ds)~ 1 is a nowhere vanishing holomorphic section of 
p*K x /T>ef(x)- Set i] s := r)x/T>ct(x) \x s ■ We identify r/g with the corresponding holo- 
morphic 3-form on (X s ) reg such that rj s £g> (ds) = £\x s under the canonical isomor- 
phism Kx s <8> P*K- De i(x)\x s = Kx\x s - Then {?7s}ses is regarded as a holomorphic 
family of nowhere vanishing holomorphic 3-forms. 
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For p = 0, 1 and q > 0, the direct image sheaves R q P*^x/Bcf(x) are l° cauv lree 
by Definition 2.1 (ii) and Theorem 2.11. For p = 0, 1, let er p be a nowhere vanishing 
holomorphic section of M^x/Dcfix)^' 

By Proposition 2.8, there exists a Kahler metric g% on X. Let gx/r>cf(x) be 
the Hermitian metric on TX/Def (Y)|£\s p induced from g%. Set g s := gx\x s for 
s e Def(X). 

Theorem 7.10. The following formula holds for p = 0, 1: 

log|kp( 5 )|| 2 A( ^ /Drf(x)) , L2 , ta/Dot(x) = 0(log(-log| S |)). 

Proof. Let p = 0. Let 1 be the section of p«,O x such that 1, = 1 6 H (X s ,O Xs )- 
Regard rjx/Dcf(x) as a nowhere vanishing holomorphic section of (Pi 3 p*Ox) v by the 
relative Serre duality. Set o"o '■— 1 <8> %/Def(x)- Since 

log ||a (s)||| 2iSs - log Vol(X s ,g s ) + log || % || 2 L2 - log \\ Vs \\ 2 L2 + 0(1), 

the assertion for p = follows from Proposition 7.8 (3). 

Let p = 1. Let ei, . . . , e^rx) be a Z-basis of H 2 (X, Z) /Torsion. There exist 
holomorphic line bundles £i, . . . , £ b2 ( X ) on 3£ by Lemma 2.16 such that ci (jCz) | = 
e^ for 1 < z < 62 (X), and such that the Dolbeault cohomology classes of their Chern 
forms . . . , £i(£(, 2 (x)) form a local basis of ^^^x/Dcfix) as a 0Dcf(x)- 

module. 

By Theorem 6.2, (p^)^ 1 (ds) (g) ryj 1 is a local basis of R 2 ^*^x/Dcf(x) as an 
C Dof (jf)-module. For s e Dcf(X), set 

o-rOO := (Ci(ri) A • • • A Ci^^)))" 1 ® ((PsT 1 ^) ® t^ 1 ). 

Then cti is a nowhere vanishing holomorphic section of A(0^ mef(x))- 

Let 7 S be the Kahler form of gx\x s - Since g x is a Kahler metric on X, the section 
Dcf(X) 3s-. [7 a ] e if 2 (X 5 ,R) of R 2 p«R is constant. Let [7] e # 2 (Y,R) be the 
element corresponding to [7.J. By Lemma 4.12, 

||<£i(£i) A • • • A £i(A 2W )||!2, Ss (s) - Vol i2 (ff 2 (Y,Z), [7]) ^ 

is a constant function on Def(X). Hence we get 

log I ki (s) 1 1 h , g . = - log Vol i2 (H 2 (X, Z) , [7] ) - log g WP ( ^ , A ) _ h 1 - 2 (X ) log 1 1 r? s 1 1 2 2 
= 0(log(-log| S |)) 

by Propositions 4.4, 7.6 (3) and 7.8 (3). This proves the theorem. □ 

8. The singularity of the BCOV invariant I the case of ODP 

In Sect. 8, we fix the following notation. Let 7r : X — > 5* be a proper, surjective, 
flat holomorphic map from a compact, connected smooth Kahler fourfold to a 
compact Riemann surface. Let V be the discriminant locus and let £ D. We 
assume that X := Xq is a Calabi-Yau threefold with a unique ODP as its singular 
set satisfying h 2 (Q x ) = 1. The deformation germ n : (X,X) — > (S, 0) is a smoothing 
of X, and a general fiber of tt is a smooth Calabi-Yau threefold. We set o := Sing X. 

Let p: (X, X) — * (Dcf(X), [X]) be the Kuranishi family of X with discriminant 
locus D = [X]. Since /i 2 ^) = 1, we have dimDcf(Y) = 1. By Proposition 2.8, X 
is Kahler. Let gx be a Kahler metric on X, and set gx/Dcf(x) '■— 9x\TX/Dcf(x)- 
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Let fi: (5, 0) — > (Def(X), [X]) be the holomorphic map that induces the family 
7r: (X,X) — > (5,0) from the Kuranishi family. By the local description (2.2), we 

have Ox,o — C{zo, Zi, 22, z 3 }/(zq H + z\ — fi(t)). Since X is smooth, D = fi(0) 

is not a critical value of it, and the morphism of germs it : (5, 0) — > (Dcf (X), [X]) is 
an isomorphism. Hence there exist a neighborhood U of G 5 and an isomorphism 
of families /: A"| w = X\^(u)- 

Let g^-i(jx) be the Kahler metric on 7r _1 (iW) defined as 

Stt- 1 ^) = /*53e- 

Let <7;r/s be the Hermitian metric on TX / S\ n -i(u)\^ induced from g v -i(u)- Then 

fiUf/S = f*9x/T>ei(X)- 

Let II • || ?, cP w2 be the L 2 -metric on the Kahler extension M£ p v IQ )\u with 

respect to gx/s- Since F x /s IS ac y cnc on X for p = 0,1, we have the following 
isomorphisms for p = 0, 1: 

(8.1) \(£% /s )\u = M*A(^ /Dof(x) ), || • \\ L2 , gx/s =v?\\. |U 2;Ss/Def(x , . 

Let t be a local coordinate of 5 centered at 0. Let a p be a nowhere vanishing 
holomorphic section of the Kahler extension X(£ x , s ) near G T>. 

Theorem 8.1. The following formula holds as t — > 0: 

f— l) p loe Hct mil 2 -I 0(log(-log|t|)) (p = 0,l) 

' ij to 8ll^WllA(fi5 /s ),^ /s -\ -log|t| 2 + 0(log(-log|t|)) (p = 2,3). 

Proof. Let p = 0, 1. Since it: (5,0) — > (Def(X), [X]) is an isomorphism, the asser- 
tion follows from Theorem 7.10 and (8.1). 

Let p = 2, 3. Recall that the canonical element l P £_ p (X t ) G A(Q^- ( ) <g> A(^^ p ) v 
was defined in Subsection 3.3. Let l p ,3- p .s° be the nowhere vanishing holomorphic 
section of A(£l^, ^ so ) ® A(il^^ so ) v defined by 

l P ,3- P ,so(t) := l P ,3-p(^t) G A(fi£ t ) ® A(^7) v , t G 5°. 

Then 

(8.2) ||lp,3-p,S°(i)||L^ to/s = II 1 p,3-p,s°(^)||q, 9a . /s = 1, t G 5°. 

by Proposition 3.4. 

By Theorem 5.11, we get 

1O Sll°-f( t )® <r 3-p(*)" 1 |lA(£j /s )®A(£5 ; -)v > 0, to/s 

(8.3) = (_i)3-P,5(3,p) log |t| 2 + (-1) 3 • (-1) 3 -( 3 -p)«5(3, 3 - p) log \t\ 2 + 0(1) 
= (-l) 3 -Hog|t| 2 + 0(l), 

where we used the first identity of Lemma 5.12 to get the last equality of (8.3). 
Set 

/„(*) - ^ ^-pft)- 1 £ 0{so) _ 

lp,3-p(*) 
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By (8.2), we get 



^ = l/p(*)l ■\\ 1 P^-p( t )\\ H£ P x/s)m{£ 3 x -pyv, Q , gx/s 

= \.f P (t)\ 2 ■ II 1 P.3-p(*)IIa(£J /s )®A(£»7S)v i L»,^ /s 

which, together with (8.3), yields that 

(8.5) log \\a p (t) ® W- 1 || 2 A(f J/s)8A(47s)v ^ 2j ^ /s = (-l) 3 "* log |t| 2 + 0(1). 
By Theorem 8.1 for p = 0, 1 and (8.4), we get 

(-iriogik P (t)n 2 A(£ , /s);i2iS;t/s 
+ (-iriogik3- P wn^3 7s)ii2iSA;/s 

= - log |t| 2 + 0(log(- log |it|)). 
This proves the theorem for p = 2, 3. □ 

Let 7 t be the Kahler form of ff^/s|x t - 
Theorem 8.2. The following formula holds as t — > 0: 

logTBcov(^) - J log |i| 2 + 0(log(- log |i|)). 
Proof. By the definition of the BCOV torsion of (X t , 7t), we have 
logT BC ov(* t ,7 t ) = J2(-^ P P 1o sIM*)IIa(££ /s ),q, 9 * /s 

p>0 

-^(-l)>log||, pW || 2 A( ^ /s , L2 ^ s . 

(8.6) - 3 

1 Q 

= ~ log |t| 2 + J>log \t\ 2 + 0(Iog(- log |i| 2 )) 

= ilog|t| 2 + 0(log(-log|t| 2 )), 

where we used Theorems 5.13 and 8.1 to get the second equality. Since 
logVol(X t , 7t ) = 0(1), logVol i2 (H 2 (X t ,Z), [ 7t ]) = 0(1), 
we deduce from Proposition 7.9 (2) and (8.6) that 

logTBcovPQ) = logA(X t , lt ) + \ogT BCOV (X t , lt ) + 0(1) 
= i log |t| 2 + 0(log(- log |i| 2 )). 
This proves the theorem. □ 
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9. The singularity of the BCOV invariant II general degenerations 

In Section 9, we fix the following notation: Let X be an irreducible projective 
algebraic fourfold and let S be a compact Riemann surface. Let tt: X — ► S be a 
surjective, flat holomorphic map. Let T> C S be a reduced divisor and set X° := 
X \ 7r- 1 (D), S" := S \ V, tt° := ir\ X o. Let OeD, and let (U, t) be a coordinate 
neighborhood of S centered at such that U \ {0} = A*. 

In Section 9, we shall prove a generalization of Theorem 8.2. 

Theorem 9.1. Ifir°: X° — > S° is a smooth morphism whose fibers are Calabi-Yau 
threejolds, then there exists a£l such that as t — * 0, 

log tbcov (X t ) = a log |t| 2 + 0(log(- log |t | 2 )) . 

First, we shall prove Theorem 9.1 when tt: X — > 5 is a semi-stable family. Then 
we shall reduce the general case to this particular case by the semi-stable reduction 
theorem of Mumford [23 • We set D := Xq in this section. 

9.1. The singularity of L 2 metrics for semi-stable degenerations 

In Subsections 9.1 and 9.2, we assume that X is smooth and that D = Xq 
is a reduced divisor of normal crossing, i.e., for every x € D, there exist integers 
£0j £ii £2, £3 £ {0, 1} and a coordinate neighborhood (hi, (zq, z\, Z2, 23)) of X centered 
at x such that 

Let f2^ s (log D) be the sheaf of meromorphic 1-forms on X with logarithmic pole 

along D. Then Q x (logD)\ X \D = Q X \ X \ D , and Q x (\ogD)\u is a free O^-module 
generated by oIzq/zq , dz\/z^ , dzijz 1 ^ , dz^/z^ 3 . 

Let f2g(log0) be the sheaf of meromorphic 1-forms on 5 with logarithmic pole 
at 0. Then ^(log0) = O s ,odt/t. We set 

fi*, /s (log£>) := n^(log£))/7r*n|(bg0). 

See e.g. Sect. 2], O Chap. 3, Sect. 2] for more details about il x ^ s (\ogD). 

Let gx be a Kahler metric on X whose Kahler class is integral. Let K E H 2 (X, Z) 
be the Kahler class of gx- We set gx/s : — 9x\t x /s- 

9.1.1. The canonical extension of the Hodge bundles. For the proof of Theorem 9.1, 
let us recall some results of Schmid 0Hj and Steenbrink [SI]. Set U° := U \ {0}. 
We fix b e U° and set W := H m {X bl C) and I := dim IF. * 

Let °H m := i2 TO 7r*C ®c C(7° an d consider the Gauss-Manin connection on °H m . 
The canonical extension H m of °H ra from [7° to [/ is defined as follows: Let 
{vi, . . . , vi} be a basis of W, and let 7 S GL(IF) be the Picard-Lefschetz transfor- 
mation. There exists a Nilpotent operator N S End(IF) with 7 = exp(TV). 

Let tp: U° 3 z — > exp(27r v / — Tz) S £/° be the universal covering. Since °H m 
is flat, the vectors Vi extend to flat holomorphic sections Vj S r([/°, ^* (°H m )), 
which induce an isomorphism ^*(°H m ) = Ofj ®c IF of flat bundles. Under this 
trivialization of V>*(°H m ), we have Vj(z + 1) = 7 • Vj(z) for all i. After Schmid 0H1 
pp. 234-236], we define holomorphic frame fields of i/i*("H m ) by 

(9.1) s 4 (exp27r v / ^Tz) :=exp(-ziV) v;(z) = ^ l(-z iV) fc v 4 (z). 

fc>0 
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Since Si,...,S; E T(U°, ip* (°H m )) are invariant under the translation z — > z + 1, 
they descend to single- valued holomorphic frame fields of °H m . Then H m is a 
locally free sheaf on U defined as H m := Ou si ® • • ■ © Ou Si. 

By Hodge theory °H m carries the Hodge filtration C °F m C • ■ ■ C "F 1 C °H m 
such that °FP is a holomorphic subbundle of °H m with °F*7°F P+1 fl m - p 7r*n^ /jS |t/o . 

For t £ U°, we have the natural identification °F p t = @ i ^ p H m - i {X t ,9, i Xt ). 

By @B1 P-235], ISD Th.2.11], 63, pp.130 Cor.], the filtration {°FP} extends to 
a filtration {F p } of H m such that F p /F p+1 ~ ^-^^^(log-D)^. Under this 
isomorphism, we have an identification of holomorphic line bundles on U: 

(9.2) i p : (detF p ) $ (detF^ 1 )" 1 = det R m - v TT& p x/s {\ogD)\u. 

Since °H™ = H m (X tl C) for f G C/°, °H m is equipped with the L 2 -metric h Rm7r »c 
with respect to gx/s- Recall that the C°° vector bundles K, p,q (X° /U°) on U° were 
defined in Subsect. 3.5. Let h-pp be the L 2 -metric on °F P induced from /i«»., t c by 
the C°° isomorphism °W = i>p JC' m ^ l (X° /U°). By the definition of L 2 -metrics, 
the isomorphism i p \u° induces an isometry of Hermitian line bundles on U°: 
(9.3) 

((det°F p )«) (det F p+1 )-\det/iFp ® (det /ipp+i)" 1 ) S (det i? m ~ p ^ /s , || • || ia ). 

Recall that the Kahler operator L: H m (X t ,C) -> H m+2 (X t ,C) with respect to 
n\x t was defined in Subsect. 4.4.1. Then L induces a homomorphism of ©[/-modules 
L: H" 1 — > H m+2 . The primitive part of H m is the holomorphic flat subbundle of 
H m defined as P m := H m n kerL 4 ~ m . The Picard-Lefschetz transformation 7 
preserves P m . If s* G r([/,P m ), there exists k G Z, C G K by 48, p.252 Th. 6.6'] 
such that 

(9.4) ||si(t)||| 2 <C(-log|i|) fe , iGtf°. 

9.1.2. Singularities of the L 2 -metrics: the case of canonical extension. 

Lemma 9.2. Let m — 3. Le£ f p fee a nowhere vanishing holomorphic section of 
det F p defined on U. Then there exists c p G K suc/i i/iai as i — > 0, 

log ||f P (i)|| 2 L2 - c P log |i| 2 + 0(bg(- log \t\)). 

Proof. Since m = 3, we have H 3 = P 3 , i.e., the groups H 3 (X t , < C) are primitive. 
By (9.4), there exists a constant C > and I G Z such that 

(9.5) A p (<) := ||f p (i)|| 2 2 <C(-log|<|) ; , t£[/» 

We set \4(t) = 1. By Proposition 4.6 and (9.3), we get the following on [7°: 

~^wp,x°/u- (p = 0) 

-^h„y°/[/° + 3 ^wp,*<7[/° (p = 1) 

w H,AT°/C/° _ 3 W WP (P = 2) 

%P,A"/B" (P = 3). 

Since A p G L\ oc (U) by (9.5), the result follows from Lemma 7.5 (1) and (9.6). □ 

Let cr p be a nowhere vanishing holomorphic section of A(£^ s ) near 0. 
Proposition 9.3. There exists (3q £ M. such that as t — > 0: 

log lko(i)|| 2 A(0;v)ii2i9;v/s = ft log |i| 2 + 0(log(- log 



(9.6) -dd c (log A p -log A 
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Proof. We may assume that oo = fo <S>fi _1 under the isomorphism (9.2). Since (9.2) 
induces the isometry (9.3), the result follows from Lemma 9.2. □ 

By [HI Th.2.11], RH*il% /s QogD) is locally free. Set r := rkE%*f^ /jS (log£>). 
Let ei(t), . . . , e r (t) be a basis of R q TT st il x ^ s (\ogD) as a free O^-module. 

Proposition 9.4. For < q < 3, iftere exists 6 q £ R such that as t — > 0, 

log ||ei(*) A ■ • • A e,- W||Lfl^,^ /s(1 o g D),L^ /s = <*? log Kl" + 0(log(- log \t\)). 

Proof. Since r = when g = 0,3, it suffices to prove the cases q = 1,2. 

(Case 1) Let q — 2. There exists a nowhere vanishing holomorphic function 
h(t) on U such that ei(t) A • • • A e r (i) = hit) fi(t) ® f2(f) _1 under the isomorphism 
(9.2). Since (9.2) induces the isometry (9.3), the result follows from Lemma 9.2. 

(Case 2) Let q = 1. When m = 2, we have H 2 = F 1 . Hence r = I. Identify the 
integral Kahler class K on X with the corresponding flat section of H 2 . Then P m 
and Ou K are holomorphic flat subbundles of H m preserved by the Picard-Lefschetz 
transformation 7. Hence we have a decomposition H 2 = P 2 Ou n of 7-invariant 
flat bundles on U. Choose v\ = n b and v 2 , ■ ■ ■ ,vi € P 2 n H 2 (X b , Z)/Torsion in 
Subsect. 9.1.1. Then s x = K and P m = Ou s 2 • • • © Gu^h Since Vi(z), . . . ,vi{z) 
are identified with V\, . . . ,vi via the C°° trivialization X° Xjjo U° = X b x U°, we 
get by Definition 4.11 and Lemma 4.12 

(9.7) \\v 1 {z)A---Avi{z)\\l* tK = Vo\ L2 (H 2 {X h ,'l),K b ), VzeU°. 
Since N is nilpotent and hence detexp(— zN) — 1 for all z £ U°, we get 

s^e 271 ^*) A • •• Asjfe 2 "^ 12 ) = exp(-z N) Vi(z) A • • • A cxp(-z AT) v ; (z) 

(9.8) = det exp(-ziV) • vi (z) A • • • A v; (z) 

= vi(z) A ••• Avi(z). 

By (9.7), (9.8), we get for all £ G U°: 

(9.9) ||si(*) A • • ■ A s ; (t)|| 2 2 K = Vo\ L 2(H 2 (X b ,Z), Kb ). 

Since {si(t), . . . , s;(i)} is a basis of i? 1 7r*J7^.y S (logI?) as a free Os-module, the 
result follows from (9.9). This completes the proof. □ 

9.1.3. Comparison of the Kahler extension and the canonical extension. 

Proposition 9.5. There exists /3\ G M such that 

log \\0-l(t)\\l(Qi x/s ),L*, gx/s = & \t\ 2 + 0(l0g(- log \t\)) (t - 0). 

Proof. Consider the natural injection — > f2w s — * n^/ g (logD), and set Q := 
fi^,y S (logD)/f2^.y S . Then Q is a torsion sheaf on X whose support is contained in 
Sing(-D). Consider the long exact sequence of direct image sheaves induced by the 
short exact sequence of sheaves — > Q x /s — > &x/sQ°&D) Q ^ on X: 

Rt-iiTtClx/sQogD) -► fl ? - 1 7r,g -> fl%*Q^ /s -► i?%*^ /s (log£») -► i?%*Q. 

Since R q n le Q is a torsion sheaf on f supported at {0} for all g, there exist torsion 
sheaves M g , on [7 supported at {0} and an exact sequence of coherent sheaves 
on U : 

(9.10) -> M 9 -► i?«vr*^ /s — ^— > J R%,n^ /g (log£>) N q ^0. 
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Since U = A and hence Ou,t is a discrete valuation ring for all t € U, the image 
j{R q ir Sf VL x , s ) is a locally free submodule oiR q -K lr Vi x j S {\ogD). Hence (.R 9 7r*f2^,/ S )tor, 
the torsion part of R q TT*il x / S , is contained in kerj. Since M q C (i? 9 7r*f2^ s ) tor , 
we have 

(9.11) M q = (B?ir.Si L x/s )taf 

Since = R q ir*Q 1 X j S (\ogD)/j(R q n*Q 1 x ^ s ) is a torsion sheaf, there exist inte- 
gers^, ...,u r > such that N q = C{t}/(t Vl ) e- • ■eC{t}/(f p ) andj(fl%*Q^ /(S ) = 
Out Vl ei{t) 8 • • ■ ®Out v -e r {t). Hence 

(9.12) det j(i?%*^ /s ) = Ot/ • t^ei^) A • • • A r-'e r (i). 

By ^ p. 110 3. Proof of the theorem], there exists a complex of locally free 
sheaves of finite rank on U 

E.:0^ £L X E -?2-^ . . . -J^ £ fc _ o 

such that R q 7T :t n x ^ s is the g-th cohomology sheaf of E,, i.e., i?%*f2^ /g = H q (E,) 
for all g > 0. Since U = A, kerv q C E q and Im» ? C E q +\ are locally free 
sheaves on U for all g > —1. Let £ 9 be the inverse image of (R q ir*Q x / s )toi by 
the natural surjection kerv 9 — > i2 9 7r*r2^ycy, and set r\ q := Imv 9 _i. There exists an 
exact sequence of coherent sheaves on U 

-» r/„ — ^2-> £ g -» (-R%*^ /s ) tor -» 

such that 77 9 , £ 9 are locally free with equal rank. Under the canonical isomor- 
phism det(i? <? 7r*r2^,^ s )tor = det£ g ® (det?7 g ) _1 , the canonical section det^q S 
H°(U, det^, q ® (det?7g) _1 ) induces the trivialization det(i? 9 7r»ri^^ s ) t or — on 
t/° by [501 pp.118, Proof of Lemma 1, First Case]: 

(9.13) det(i2 9 7r*n^ /iS ) to r 9 detip q -> 1 e Oy. 

Since det #%*fi^ /s S det j(i?%*fi^ /s )®det(i?%*n^ /s )to r by (9.10) and (9.11), 
we deduce from (9.12), (9.13) that the following expression si )9 is a holomorphic 
section of det i? 9 7r*fi^ s : 

s 1>q (t) := (^ei(i) A • • ■ A t Ur e r (t)) ® det y? ? (i). 

Since si iq (t)|c/° is identified with the section t l,1 e\(t) A • • • A i lyr e r (i)|c/o under the 
identification det R q 7r*fi^, /g | u° — det j'(i2 9 7r*fi^ /(S )|;7° induced by (9.13), we de- 
duce from Proposition 9.4 that for t G U°, 

^S\\si, 9 (t)\\h, gx/B =^g\\t^ ei (t)A---At^e r (t)\\l 2<gx/s 

(9.14) = dim c N q \og\t\ 2 +\og\\ ei (t) A ■ ■ ■ Ae r (t)\\ 2 L2 gx/s 

= (dim c N q + 5 q ) log \t\ 2 + 0(log(- log \t\)). 

Since det ip q vanishes at t = with multiplicity dime M q , <Ji, q (i) := t~ dlmc 9 Si,g(t) 
is a nowhere vanishing holomorphic section of det R q ir*£l x By (9.14), we get 

(9.15) \og\\a hq (t)f L2igx/s = (dim c N q + S q - dime M q ) log |t| 2 + 0(log(- log \t\)). 
The result follows from (9.15). This completes the proof of Proposition 9.5. □ 
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Proposition 9.6. Let p = 2,3. There exists /? p gR such that as t — > 0, 

log K (*)ll 1 { s x/s ),l\ Sx/s = Pp log \t\ 2 + 0(log(- log 

Proof. We keep the notation in Section 8, Proof of Theorem 8.1. By Theorem 5.4, 
there exists a p G Q such that 

(9.16) log K(i) ® <r3- P (rf i(£ j /s) , A{ 4 7s) v, Q , 9;t/s = op log \t\ 2 + 0(1). 

By the same argument as in the proof of Theorem 8.1 (8.4) using (9.16) in stead of 
(8.3), we get 

log K(t) ® cT 3 - p (t)-X ( e% /smi e% 7s r^, gx/s = a P lo S l*l 2 + °(!)' 

which, together with Propositions 9.3 and 9.5, yields the existence of (3 P £ K such 
that 

log \Wp(t)\\l(e* /s ), L *, gx/s = Pp log Kl 2 + 0(log(- log \t\)). 
This proves the proposition. □ 

9.2. Proof of Theorem 9.1: the case of semi-stable degenerations 

Let jt be the Kahler form of gx/s\x t - By the definition of the BCOV torsion of 
(X t ,7t), we have 

iogr B cov(^ t ,7 t ) = £(-i) p p{ioelkp(*)llA(^ /s ),o lto/s -^elkp(*)llA(^ /s ),^,^ /s }- 
p 

By Theorem 5.4 and Propositions 9.3, 9.5, 9.6, there exists a £ K such that 

(9.17) logT BC ov(*t,7t) =alog|i| 2 + 0(log(-log|i| 2 )). 

Since the Kahler class of gx is integral, there exist positive constants A, B £ Q by 
Lemma 4.12 such that for all t £ U°, 

(9.18) logVolpQ, 7t ) = A, logVol i2 (ff 2 (X t ,Z), [ 7f ]) = B. 
By Proposition 7.9 (1), there exists eel such that 

(9.19) \ogA{X tllt ) = e log \t\ 2 + 0(log(- log |t| 2 )). 
By (9.17), (9.18), (9.19), we get 

logTBcovPQ) = log^(X t , 7t ) + log7icov(^t,7t) + 0(1) 
= (o + e) log|<| 2 + 0(log(-log|t| 2 )). 
This proves the theorem. □ 

9.3. Proof of Theorem 9.1: general cases 

In Subsection 9.3, we only assume that tt° : X° — ► S° is a smooth morphism 
whose fibers are Calabi-Yau threefolds. 

By the semi-stable reduction theorem j57| Chap. II], there exist a pointed pro- 
jective curve (B,o), a finite surjective holomorphic map /: (B,o) — > (5,0), and a 
holomorphic surjection p: y — > B from a projective fourfold 3^ to B satisfying the 
following conditions: 

(i) Let V be the component of / -1 (t/) containing o. Then /: V \ {o} — > f7 \ {0} 
is an isomorphism; 

(ii) Set U* = U\ {0} and V"* = V" \ {o}. Then : y| v , -> y* is induced from 
Trk-: *k- ^U* by/|y.; 

(iii) 3^ is smooth, and Y" is a reduced divisor of normal crossing. 
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Let b be the coordinate on V centered at o. By condition (i), we may assume 
that there exists v € N such that f*t = b v . Let 777* and ry. be the functions on 
U* and V* defined by 

Tu- (t) ■= TBcov(^t), t v * (b) := T B cov(Yb) 
for t £ U* and b £ V*, respectively. By condition (ii) and Theorem 4.16, we get 

(9.20) t v , = f* Tu , 

We can apply Theorem 9.1 to the family p\v- y\v —> V by condition (iii), so that 
there exists a£l such that as b — > 0, 

(9.21) log tv. (6) = a \og\b\ 2 + 0(log(-log|6|)). 

Since b — t v , the desired formula follows from (9.20) and (9.21). This completes 
the proof of Theorem 9.1. □ 

10. The curvature current of the BCOV invariant 

Following |f)OI Sect. 7], we extend Theorem 4.14 to the Kuranishi space of Calabi- 
Yau threefold with a unique ODP as its singular set. 

10.1. The curvature current of tbcov : general cases 

In Subsection 10.1, we fix the following notation. Let X be an irreducible pro- 
jective algebraic fourfold and let S be a compact Riemann surface. Let ir : X — > S 
be a surjective, flat holomorphic map. Let V C S be a reduced divisor and set 
X° := X \ -k~ x {V), S° := S\ V, n° := tt\ X o. We assume that the fibers of 
7r° : X° — > S° are Calabi-Yau threefolds with /i 2 (f^J = 1 for s G S°. Let X (X) 
denote the topological Euler number of X s , s e S°. 

Let Qwp,x/s an( i Qn,x/s be the trivial extensions of the Weil-Petersson form 
and the Hodge form from S° to S (cf. Proposition 7.3 and Definition 7.4). Then 
the (1, l)-currents £Iwp,x/s an d ^n,x/s are positive. 

Let € V and let (U, t) be a coordinate neighborhood of S centered at 0. By 
Eq. (7.7), there exist subharmonic functions <p and 9 on U satisfying the following 
equations of currents on U : 

(10.1) dd c ip = Qwp,x/s\v, dd c 9 = n H:X/s \u. 
As in Subsection 4.4.2, we define a function on S by 

TBC0V(*/S)(t) : = TBCOv(Xt), t e S. 
By Theorems 4.14 and 9.1, logT BC ov(^/S') e C°°(5°) n L 1 ^). 
Theorem 10.1. Set 

a:=lim logr B cov(^)|,(t) G ^ 
t^o log |t 1 2 

Then the following equation of currents on U holds: 

dd c log tbcov(X/S) = -— jy- ^wp,x/s - ^h,x/s + aS . 

Proof. Identify U with A in what follows. By Theorem 9.1, there exists a positive 
constant K such that 

(10.2) |logTBcov(A7S)(i)-alog|i| 2 | <K log(- log |i|), 4 6^(1/2)*. 



50 



HAO FANG, ZHIQIN LU, AND KEN-ICHI YOSHIKAWA 



For t £ A(l/2)*, set 

P(t) := (logT BC ov(X/S)(t) - a log \t\ 2 ) + <p{t) + 6{t). 

Then P(t) £ C°°(A(l/2)*). By (7.10) and (10.2), there exists a positive constant 
L such that 

(10.3) \P(t)\<L\og(-\og\t\ 2 ), 4 6 4(1/2)*. 

Since P is harmonic on Z\(l/2)* by Theorem 4.14 and (10.1), we deduce from 
Lemma 7.1 (3) that P extends to a harmonic function on Z\(l/2). Since P is 
harmonic on .4(1/2), it follows from (7.10) that 

(10.4) logTBCOv(*/S) = a log \t\ 2 - v-9 + P£ L\ oc (A(l/2)). 
Since dd c P = on A, Eq. (10.4), together with (10.1), yields the assertion. □ 

10.2. The curvature current of tbcov: the case of Kuranishi families 

In Subsection 10.2, we fix the following notation: Let X be a smoothable Calabi- 
Yau threefold with only one ODP as its singular set. Let Def(X) be the Kuranishi 
space of X with discriminant locus 2), and let p: (X, X) — > (Dcf(X), [X]) be the 
Kuranishi family of X. Assume that dim Def (Y) = ft, 2 (f^) = 1. Let s be a 
coordinate on Def(X) such that D = div(s). We identify Def(X) with the disc A 
equipped with the coordinate s. Then Dei(X) \ D = A*. 

Let fiwp an d f^H be the trivial extensions of the Weil-Petersson form and the 
Hodge form from Def (X) \ D to Dcf (X). Let x(X gen ) denote the topological Euler 
number of a general fiber of the Kuranishi family. 

Theorem 10.2. The function logTBCOV is locally integrable on Def(X), and the 
following equation of currents on Def(Y) holds: 

dd c log tbcov = - x(yX ^ n ^ tt WP - fi H + ^ 5 . 

Proof. By Proposition 2.8, there exist a pointed projective curve (B, 0), a projective 
fourfold 3, and a surjective, proper, flat holomorphic map /: 3 — » B such that the 
deformation germ /: (3, / _1 (0)) — > (-6,0) is isomorphic to the Kuranishi family 
p: {X,X) -» (Def(X), [X]). Since Def(X) is smooth at [X], so is B at 0. By Theo- 
rem 9.1, we get logTBcov & Ll oc (Def(X)). Let 7 := lim t ^ logr B cov(Y t )/ log \t\ 2 . 
Since 7 = | by Theorem 8.2, the result follows from Theorem 10.1. □ 

10.3. The curvature current of tbcov: the case of induced families 

We keep the notation in Subsection 10.2. Let fj,: (A,0) -> (Def(X), [X]) be 
a holomorphic map and let n: X — > 4 be the family of Calabi-Yau threefolds 
induced from the Kuranishi family p : (X, X) — > (Def (X), [X]) by /1. Notice that 
is singular if is a critical point of fi. 

Theorem 10.3. The function log tbcov (<-f/4) lies in L\ oc {A), and the following 
equation of currents on A holds: 

dd c log tbcov {X/A) = _ x ^s cn ) fi wp X/A - Q H X/A + 1 5^.2). 
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Proof. Let / e 0Def(x),[x] be such that D = div(/). Let Hwp and Sin be the trivial 
extensions of the Weil-Petersson and the Hodge forms on Def(A), respectively. As 
in Eq. (7.7), let ip and 9 be the subharmonic functions on Def(X) with flwp = dd°<p 
and fin = dd c 9. Then fi*ip and fi*9 are subharmonic functions on A with 

(10.5) dd c (n*Lp)\ A * = ^wp,x/a, dd c {n*6)\ A , = uj u ,x/a- 

After shrinking Def(A) if necessary, we may assume by (7.10) the existence of 
constants Co, C\ > with 
(10.6) 

-C log(- log |/| 2 ) < ^| Dcf( x)\s < C u -C log(- log |/| 2 ) < 0| DefW \s, < Ci. 

Since /i _1 (ID) fl4 = {0}, there exist a positive integer k and a nowhere vanishing 
holomorphic function e(s) <G O(A) with 

(10.7) »*f(s) = s k e(s). 

After shrinking A if necessary, the following inequality holds by (10.6) 
(10.8) 

-C 2 Iog(-Iog|*| 2 )</iVU. <Ci, -C 2 log(-Iog|s| 2 )</i*eU. <Ci, 

where Ci > is a constant. By (10.5), (10.8) and Lemma 7.5 (2), we get the 
following equations of currents on A: 

(10.9) r»wp,A74 = dd c (p*<p), Sl s , x/ A = dd c (u*9). 

By (10.4) and Theorem 10.2, there exists a harmonic function P on Def(A) such 
that 

logTBcov = I log |/| 2 - If - 9 + P. 

Since tbcovO^/A) = M*r B cov, we get 

(10.10) logrecov^/Zi) = ± ,x* log |/| 2 - M V - + M*^- 

By (10.8), (10.10), we get log r B cov € L\ oc (A). By (10.9), (10.10), we get 
the desired equation of currents. This complete the proof. □ 

11. The BCOV invariant of Calabi-Yau threefolds with h 1 ' 2 = 1 

In Section 11, we fix the following notation. Let X be a possibly singular 
irreducible projective fourfold and let S be a compact Riemann surface. Let 
ir: X — > S be a proper, surjective, flat morphism with discriminant locus V := 
{s e S; SingA s ^ 0}. We set 

3° := S \ X>, #° —tt" 1 ^ ), 

2?* := {s e D; SingA s consists of a unique ODP}, 

and 

S*:=S°UI>*, X* :=7r _1 (S*). 
In Section 11, we make the following: 

Assumption (i) A s is a Calabi-Yau threefold with /i 2 (£l3f ) = 1 for all s E S*; 

(ii) 2?* is a non-empty finite set, and V\V* consists of a unique point oo e S; 

(iii) Sing (A") n Aoo = and is a divisor of normal crossing. 

Lemma 11.1. Let p e T>* . Then X p is smoothable in the sense of Definition 2.2. 
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Proof. To sec this, let o = Sing A p , and let / : X p — > X p be a small resolution such 
that C := / _1 (o) P 1 and X p \ C X p \ {o}. Let [C] € H 2 (X p , Z) be the homol- 
ogy class of C. Since X p is smoothable by a flat deformation by Assumption (ii), 
we get [C] = by O Th. 2.5 (2)=>(3)]. Hence the map 7' in gU p.16, 1.28] is zero. 
By the commutative diagram |411 p. 16 (14)], the natural map Ext 1 (fi^ : ,Ox p ) — * 
H°(X,£xt(fl x ,O x )) is not zero. Let Dei(X p ,o) be the Kuranishi space of 
the ODP (X p ",o) and let <f>: (Def [Xp] (X p ),[X p ]) -> (Def (X p , 0), o) be the map 
of germs induced from the Kuranishi family of X p . Since Ext 1 (£7^ , O x ) — 
T [Xp] Dei(X p ) and H°(X, £ xt(Q. x , Xp )) = T p Det(X p ,o) via the Kodaira-Spcncer 
map and since the natural map Ext 1 (Q, x , Xp ) — ► H° (X, £xt(Q x , Xp )) is identi- 
fied with the differential of 4> at [X p ], we get (d(j))[ X ] 7^ 0- Since dimTjx ]Def(X p ) = 
dimT Q Def o) = 1 by Assumption (i), (<i^>)[x ] is an isomorphism. By |41l 
Prop. 5.3] and the smoothness of Def(A p ,o), <p is an isomorphism of germs. This 
implies the smoothness of the total space of the Kuranishi family of X p . □ 

The ramification divisor of the family tt : X — > S is defined as follows. For s £ S** , 
let /j, s : (iS 1 , s) — > (Def (A s ), [X s ]) be the map of germs of analytic sets defined by 

H.(t) := [X t ] £ Def(A s ). 

By Lemmas 2.7 and 11.1, /i p is not a constant map for p £ I?*. Since T>* 7^ 
by Assumption (ii), fi s is not constant for all s € S*. Since dim Dcf (X s ) = 1, we 
may identify (Def(X s ), [X s ]) with (C, 0). Let z be the coordinate of C, so that 
z o /Lt s (t) G Os.s- We define the ramification index of n: X — > 5 at s G S by 

fx/s(s) ■= ord f=s zo /x g (i) g N. 

Let j be the set of points of S 1 whose ramification index is > 1. The ramifi- 

cation divisor is then defined as 

ieJ 

Let p £ T>* and Sing(X p ) = {o}. By the local description (2.2), we have an 
isomorphism of local rings 

(11.1) O x ,o S C{z, y, z, w, t}/(x 2 + y 2 + z 2 + w 2 + t rx ' s &). 

Write T>* = {Dk]kei<- As a divisor of S, we define 

V* := ^2 r k D k, n := r x/s (D k ). 

keK 

Since Sing A" C U s gi>«SingX s , X has at most isolated hypcrsurface singularities 
as its singular points by (11.1). Hence Kx and K x /s '■= Kx®^* Kg 1 are invertible 
sheaves on X. 

Lemma 11.2. The sheaf tt^Kx is * s an invertible sheaf on S. 

Proof. Since tt~ 1 (S \ V*) is smooth, n*K x /s is an invertible sheaf on S \ T>* by 
Assumption (i) and [52 p.391, Th.V]. Let s G V* . Since the conormal bundle of 
(X s ) Icg in X Icg is trivial, we have K x / s \( X .)„ g = ^(x s ) rog - Since K x /s\x s and 
K Xs are invertible sheaves on X s , we get K x /s\x s — K Xs by the normality of X s . 
Since X s is Calabi-Yau, we have h°{K x/s \ Xs ) = h°(K Xs ) = 1. By Q] Th. 4.12 (ii)], 
n*Kx/s is an invertible sheaf near s £ T>* . This proves the lemma. □ 
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Let % be the topological Euler number of a general fiber X s , s E S° . Let || • || be 
the Hermitian metric on (tt^Kx/s)®^ 8 ^ <g>(TS)® 12 \ s ° induced from the i 2 -metric 
on ir*K x / S and from the Weil-Petersson metric gwp,x/s on S°. The following is 
the main result of this paper. 

Main Theorem 11.3. Let E be a meromorphic section of -k*K x / s on S with 
div(S) = ^2 m i p i + ^oofoo, Pi ^ Pco (i e I), 

and let V be a meromorphic vector field on S. Then the following hold: 
(1) There exists a locally integrable function F~y on S with 

dd c F Ey = { (24 + |) dcg n.K x/s + 6 X (S) + 6 dcg TZ - dcg V* } 



such that 



X 

+ S v > - (24 + -) <5 div(H) - 6 <5 div(y) -65 n 



tbcov(X/S) = ||e F -- ~ 48+ *®V 12 || 3 



(2) When S = P , let tp be the inhomogeneous coordinate of P 1 with tp(oc) = oo. 
Identify the points Pi,Rj,Dk with their coordinates ip(Pi),ip(Rj) 7 ip(Dk), respec- 
tively. Then there exists a constant C ^ such that 



tbcovP^/O = C 



n 



iei,jeJ,keK yY l/ yT 31 v r 



In the rest of this section, we shall prove Theorem 11.3. For p eD, let (U p , t) be 
a coordinate neighborhood of 5 centered at p with U p f\T> = {p} and U p \{p} = A*. 

By Proposition 7.3, the positive (1, l)-forms ljwp.x/s an d ^r.x/s on S° extend 
trivially to closed positive (1, l)-currents on S. 

Definition 11.4. Let ^wp.x/s an d ^h.x/s be the trivial extensions of ^wp.x/s 
and Uu,x /s from 5° to S, respectively. 

Proposition 11.5. (1) There exists a(p) G M such that the following equation of 
currents on U p holds: 

( d d\ 

dd C logft WPi */s|t/ p [g^'g^j = a (p) 5 p ~ n H,*/s + 4^wp,a-/s- 
(2) For Dk G T>* , one has a{Dk) = Tfe — 1. 

Proof. We get (1) by Proposition 7.6 (2). Let p = Dk- Under the identification of 
the Kuranishi space (Def (X p ), [X p ]) with (C, 0), we may assume by the definition of 
the ramification index r x /s that tt\u p ■ X\u p ~ * U p is induced from the Kuranishi 
family of X p by the map fj,(t) = t Vk . Let cjwp be the Weil-Petersson form on 
Def(Xp). Since Qwp,x /s\u p \{p} — M* w wp, we deduce from Proposition 7.6 (1), (3) 
that as t — > 0, 

(11.2) ^"wP^/sk =1 ° gWWP 

= (r fc -l) log|t| 2 + 0(log(-log|i|)). 
By (11.2), we get a(p) = r^ — 1. This completes the proof. □ 
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Proposition 11.6. There exists 6(00) e K such that the following equation of 
currents on S holds: 

(11.3) dd c log||S - ||| 2 = 6(00) (5oo +<5 div(3 ) - fl W p,x/S- 

Proof. Let s <G 5 be an arbitrary point. It suffices to prove Eq. (11.3) on a neigh- 
borhood of s. By Proposition 7.8 (2), Eq. (11.3) holds on a neighborhood of 00. 

Assume that s g S*. Let p: (X, X s ) — ► (Def(X,), [X,]) be the Kuranishi family 
of X s . Since ir: (X,X S ) — » (S 1 , s) is induced from the Kuranishi family by the 
map (S, s) — » (Def(X s ), [Jf s ]), there exists a morphism of deformation germs 
/ Ms : (X,X S ) — > (X, X s ) satisfying the commutative diagram: 

(*,X S ) (X,X S ) 

"1 

(Def(X s ),[X s \). 

Let J7 S = Z\ be a neighborhood of s in 5 such that fi s (resp. / Ms ) is defined on 
U s (resp. 7r _1 (C/ s )) and such that fi s has no critical points on U° :— U s \ {s}. Since 



(H-4) f;K x/ » ef{X3) =K x/s 

on w~ 1 (U s ) \ SingX s , the normality of X implies that (11.4) holds on n~ 1 (U s ). 

By Lemma 6.1, -?^e/Def(x s ) is trivial. Let T)x/r>ef(x s ) be a nowhere vanishing 
holomorphic section of ifje/Dof(x s ) defined on Def(X s ). We regard f}x/T>ei(x s ) as a 
family of holomorphic 3-forms {T]x/T>ei(x 3 )\x b }beP>e{(x a )- Since X s has at most one 
ODP as its singular set, log ||r?3e/Def(x 5 )|U 2 S C°{Dei(X s )) by Proposition 7.8 (3). 

Since f^ s Vx/D C f(x s ) G ff (7r _1 (f7 s ),^/s) = H°(U s ,n*K x/ s) is nowhere van- 
ishing, f^ s i]x/Dcf(x s ) generates w*K x /s on C/ s as an Ou e -module. Since 

ll./^ 3 %/Dcf(X s )|U 2 (i) = ||??3e/Def(X 5 )||l,2(M S (*)) ; * G [7° 

by (11.4) and since log ||%/Def(x.) G C°(Def(X s )), log ||/* s %/Def(x,)||i,2 is a 
continuous function on U s . Since -dd c log ||/* s J7£/Def(x„) IU 2 = ^wp,x/s on ^s, 
we get the following equation of currents on U s by Lemma 7.5 (1), (2): 

(H-5) -dcHog||/* s fe/Def(x s )||z, 2 = n WPyX/s . 

Since f^ B Vx/i)cf(x s ) G H a (U s ,n*K x / s ) is nowhere vanishing, there exists ft(t) G 
0(t/ s ) such that E = ft • f* s Vx/u c i(x s ) on C/ s . By (11.5), we get 

(11.6) -d<f log HHIII2 = flwp,x/s ~ <W(fc) 

as currents on U s . Eq. (11.3) on U s follows from (11.6). □ 

Theorem 11.7. There exists c(oo) g Q such that the following equation of currents 
on S holds: 

X 1 

(11.7) dd c log t B cov{X/S) = -—ft W p,x/s ~ &n,x/s + g s v* + c(oo) < 5 00 . 

Proof. The result follows from Theorems 10.1 and 10.3. □ 

Proof of Theorem 11.3 (1) By Proposition 11.5 and (4.1), we get the following 
equation of currents on S: 

(11.8) dd c log \\V\\ 2 = o(oo) 5 ao +5 n + S div{v) - n HiX/s + 4 ^wp,x/s- 
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By (11.3), (11.7), (11.8), we get 
(11.9) 

dd c \og\\V 12 ®S i8+ *\\ 2 = 12(o(oo)J 00 +*R + J div( v))-12n H ,*/s + 48fW,*/s 

+ (48 + x) (6(oo) Soo + 6 div{s) ) - (48 + x ) ^wp,x/s 
= 12 dd c log tbcov(X/S) 
+ {12 o(oo) + (48 + x) 6(oo) - 12 c(oo)} 6^ 
- 2 fo. + 12 <Jr + 12 (5 div(y) + (48 + x) <W(~) • 

Integrating the both hand sides of (11.9) over S, we get 
(11.10) 

{12a(oo) + (48+x)6(oo)-12c(oo)}-2 degX>* + 12 deg^+12 x(S') + (48+x) dcgS = 0. 

By (11.9) and (11.10), 

F~y ■■= \ogT BCO v(X/Sf - \og\\V 12 ® ~ 48+ *|| 

is a harmonic function on S\ (T>\J7V) satisfying Theorem 11.3 (1). This proves (1). 
(2) We set V(ip) := d/dip e Jf°(P\ TP 1 ). Then div(V) = 2oo, so that F~, y 
satisfies the following equation of currents on P 1 by (11.9), (11.10): 



dd 



■F sy = {(24+ |) deg7rjr* /s + 6degft-degX>*} S 



(11.11) 

+ -(24+|)5 div(s) -6 6k. 
Up to a constant, the solution of Eq. (11.11) is given by the following formula: 

(V- - D k ) 2r * 



(11.12) F s , y (^)=log 



n 

iei,jeJ,keK 



(V> - P l )(48+X)» ll (^ - ^.)12(r 3 -l) 



The second assertion of Theorem 11.3 follows from (11.12). This completes the 
proof of Theorem 11.3. □ 

12. The BCOV invariant of quintic mirror threefolds 

12.1. Quintic mirror threefolds 

Let p : X — > P 1 be the pencil of quintic threefolds in P 4 defined by 

X := {([*], V) E P 4 x P 1 ; i^(z) - 0}, p = pr 2 , 

F^(z) := zl + z\ + z\ + z\ + z\ - 5ip ZQZIZ2Z3Z4. 

The parameter i(j is regarded as the inhomogeneous coordinate of P 1 . Identify Z 5 
with the set of fifth roots of unity: Z 5 = {( e C; ( 5 = 1}. We define 

_ {(go, 01,02,03,^4) € (Z5) 5 ; 0001020304 = 1} ^ ^ 3 
Z 5 (l,l,l,l,l) _ 5 " 

The group Gx Z5 acts on A* and P 1 by 

(a, 6) • Qz], tjj) := ([& _1 aoZo : a\Z\ : a 2 z 2 : 03^3 : 042:4], 6^), (a, b) ■ ip := 6^>. 

Then the projection p: A" — > P 1 is G x Z 5 -equi variant. Since G preserves the fibers 
of p, we have the induced family 

p: X/G^P 1 
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equipped with the induced Zs-action. We set 

V* := jexp 27r ^^ m e P 1 ; < m < 4 j C P 1 , V := V* U {00} C P 1 . 

Then T> is the discriminant locus of the family p: X — > P 1 by |14l p. 27]. 

Proposition 12.1. There exists a resolution f: W — > X/G satisfying the following 
conditions: 

(1) Set ftp :— /Ivpu ■ TTien : W^/, — > X^/G is a crepant resolution for ip G P 1 \ T>. 
In particular, is a smooth Calabi- Yau threefold for ip G P 1 \ T>; 

(2) Sing W 7 ^ consists of a unique ODP if ip 5 = 1; 

(3) Woo is 1 divisor of normal crossing. 

Proof. See jH Appendix B], g], QU Sects. 2.2 and 2.4] for (1) and [H p. 27] for 
(2). The last assertion follows from Hironaka's theorem. □ 

Notice that the choice of a resolution / : W — ► A"/G as above is not unique. 

Definition 12.2. Set n := po f. Any family it: W — > P 1 satisfying the conditions 
(1), (2), (3) as above is called a family of quintic mirror threefolds. The induced 
family 7r: W/Z5 — > P 1 /Z5 is also called a family of quintic mirror threefolds. 

Lemma 12.3. Ifip G P 1 \ D, i/ien 

ft 1 ' 2 ^) = 1, fc 1 - 1 ^) = 101, x(W^) = 200. 

Proof. Since /^(Xy,) = 1, h^ 2 {X^) = 101, and x(A^) = -200, the result follows 
from 0, H3 Th. 4.1.5], B23 Th. 4.30]. D 

We refer to ^3], ^B], 121], for more details about quintic mirror threefolds. 
12.2. The mirror map 

Definition 12.4. The mirror map is the holomorphic map from a neighborhood 
of 00 G P 1 to a neighborhood of G A defined by the following formula: 

where 

yoW -^(,,!H.V) r '<'- 

n— 1 v / v ' / 

The inverse of the mirror map is denoted by 3/>(<?). 

For ip G P 1 \ 2?, we define a holomorphic 3-form on X$ by 

_ / 27r-\/— T\ . , z 4 dz A d^r A dz 2 

dF,(z)/dz 3 ' 

Since i?,/, is G- invariant, fl^ induces a holomorphic 3-form on X^/G in the sense 
of orbifolds. We identify S2$ with the corresponding holomorphic 3-form on X^/G. 
Then flO,*/, is a holomorphic 3-form on W^p. Set 

E^:=r^&H {W^K w ^). 
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By Lemma 12.3, we know rki?3(W^,Z) = 4. There exists a symplectic basis 
{A 1 ,A 2 ,B 1 ,B 2 } of H 3 (W^,Q), ip £ V, such that A a n B b = 6 an , A a D A b = 
B a n Bb = 0. By [T3|, [59. p.245 1.13], the mirror map g(V>) is expressed as follows: 

q = cxp [lit^^i -^—^ - ) , Vo(ip)=f ^V- 

We refer to [H], QU Sect. 2.3, Sect. 6.3], [|Sj, [23 Chap. 3] for more details about 
the mirror map. 



12.3. Conjectures of Bershadsky-Cecotti-Ooguri-Vafa 



Definition 12.5. Under the identification of the local parameters i/j 5 and q via the 
mirror map, define a multi- valued analytic function near oo £ P 1 as 



and a power series in q as 



(^-l)-eq 



2/0 WO 



dq 



Set 



v(q) ■= f[(i-q n ). 



In Eq.(16), (23), (24)] and 1.34], Bershadsky-Cecotti-Ooguri-Vafa conjectured 
the following: 

Conjecture 12.6. (A) Let N g (d) be the genus-g Gromov-Witten invariant of de- 
gree d of a general quintic threefold in P (cf. |34| ). Then the following identity 
holds: 



dq 

or equivalently 



n,d=l H d=l v y ' 



Flj(q) = Const, i g 25 / 12 f[ n(q d ) N ^(l - q d ) 



JVo(d)/12 



(B) Lei ||-|| 6e i/je Hermitian metric on the line bundle (Tr*K w /pi)® 62 (3(TP 1 )® 3 \ r i\- D 
induced from the L 2 -metric on n^Ky^/pi and from the Weil-Petersson metric on 
TP 1 . Then the following identity holds: 



tbcov(WV) = Const. 



Const. 



*fJW0 3 Wo WO 



(.2 



d 
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Remark 12.7. Under Conjecture 12.6, the Gromov-Witten invariants {N g (d)} g <i t den 
of a general quintic threefold in P 4 and the BCOV invariant of the mirror quintic 
threefolds satisfy the following relation: 



tbcov(W^) = Const. 



" 62 / 7 \ 3 



In the rest of this section, we prove Conjecture 12.6 (B) as an application of 
Theorem 11.3. 

12.4. Proof of Conjecture 12.6 (B) 

Let 7r : W — > P 1 be a family of quintic mirror threefolds. Let K(ip) be the Kahler 
potential of the Weil-Petersson form SIwp defined as 



K{iP) := - log \V-1 5^ A S^j . 

Define a function G(ip) by G(ip) = jwp(^, ^), so that 

fiwp(^) = \Z=1GW dip A dip = X- 7r~d^ A dip. 

2ir oipoip 

Proposition 12.8. The following estimates hold 

" log|Vf + 0(1) (V>^0) 

(12.1) m) = { 0(1) (^ 5 ->i) 

0(loglog|V'|) (^->oo), 

0(1) ty->0) 

(12.2) logGY» = <( 0(log(-log|V 5 -l|)) (V> 5 ^1) 

■log|^| 2 +0(loglog|^|) (^-fooj. 

In particular, 1ZC\V* — /or any family of quintic mirror threefolds. 

Proof. See [H P-50 Table 2]. □ 

Proposition 12.9. The family of quintic mirror threefolds has trivial ramification 
divisor, i.e., 1Z — for the family tt: VV — > P 1 . 

Proof. By (11.2) and Proposition 12.8, if suffices to prove that G{ip) > on P 1 \ V. 
Since 

XW = -logf ^ J x ^a7? ) , 



flwp(^) coincides with the Weil-Petersson form for by (4.1). Thus G(ip) > if 
and only if the Kodaira-Spencer map ^ : X^P 1 — > H 1 (X^ ! , Qx^,) for p: A" — > P 1 is 
non-degenerate at ijj e P 1 \ P. By P-53 1.18-1.27], is non-degenerate for all 
ip 6 P 1 \ T>. This proves the proposition. □ 

Theorem 12.10. Conjecture 12.6 (B) holds. 
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Proof. For a point z = (1 : z) <E P 1 , let [z] = [(1 : z)] denote the corresponding 
divisor. By Proposition 12.1, we get 



(12.3) 



div(X>*)= £[C], 
C 5 =i 



which is a reduced divisor. By (12.1), we have 
(12.4) div(S) = [0]. 

Substituting (12.3), (12.4) and TZ — Q into the formula for tbcov in Theorem 11.3 
(2) and using y(W^) = 200, we get 



(12.5) 



tbcov (Wj,) = Const. 



Const. 



(^ 5 - l) 2 



"248 



4> 



248 



d_ 

dip 



12 



1/6 



1/6 



= Const. 
This proves Conjecture 12.6 (B). 



^- 62 (^ S -l) 1/2 ->(^ 



2/3 



□ 



Remark 12.11. It seems that the families of Calabi-Yau threefolds over P 1 studied 
in [32 Eqs. (2.1), (2.2)] satisfy Assumption (i), (ii), (iii) of Sect. 11. (See [21 p.157, 
last five lines].) By the explicit formula for the Yukawa coupling [^ Eq. (4.6)], we 
get TZ n (P 1 \ T>) = for these examples. If 1Z fl T>* = 0, the conjectured formulas 
for the BCOV invariants of these families :6i p. 294] follow from Theorem 11.3 (2). 



13. The BCOV invariant of FHSV threefolds 

13.1. The threefolds of Ferrara-Harvey-Strominger-Vafa 

A compact connected complex surface S is an Enriques surface if it satisfies 
H 1 (S,O s ) = 0, K s ^ O s , and K% = O s . An Enriques surface S is an algebraic 
surface with 7ri(5) = Z2 whose universal covering S is a if 3 surface. For an 
Enriques surface S, let ts : S — > S be the non-trivial covering transformation that 
generates tti(S). Then (S, is) is a 2-elementray 7^T3 surface. (See (601 Sect. 8.1].) 

Let H C C be the complex upper-half plane. For r € H, let EV denote the 
elliptic curve C/Z + rZ. For an elliptic curve T — E T , let —It be the involution 
on T defined as —lx(z) = —z for z E C/Z + rZ. 

Let Z2 be a group of order 2 with generator 8. Then Z2 acts on the spaces S, 
T, and S x T by identifying with tg, —It and is x (—It), respectively. 

Definition 13.1. For an Enriques surface S and an elliptic curve T, define 

-^(5,T) '■— S X T/Z2. 

Since tgx(— It) has no fixed points, Xfg <T \ is a smooth Calabi-Yau threefold. Let 

Pi - X(S,T) ~ ¥ S = S/Z2 and let p 2 : -XVs.t) — > P 1 /Z2 be the natural projections. 
Then pi is an elliptic fibration with constant fiber T, and p 2 is a if 3 fibration 
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with constant fiber S. After Ferrara-Harvey-Strominger-Vafa ^0], the Calabi-Yau 
threefold X(s,t) is called the FHSV threefold associated with (S,T). We have 

(13.1) X(X(S,T)) = \ X(S x T) = \ x(S) X (T) = 0. 

13.2. The moduli space of FHSV threefolds 

The period of an Enriques surface S is defined as the period of (S, ls) and lies 
in the quotient space fi/r, where £1 is a symmetric bounded domain of type IV 
of dimension 10 and where T is an arithmetic subgroup of Aut(f2). The period 
of S is denoted by [S] E Cl/T. There exists a T-invariant divisor D C £1, called 
the discriminant locus, such that (£1 \ D)/T is a coarse moduli space of Enriques 
surfaces via the period map. We refer to e.g. Chap. 8, Sects. 19-21] for more 
details about the moduli space of Enriques surfaces. 

In [T3|, Borcherds constructed an automorphic form $ on £1 for T of weight 4 
with div($) = D. The automorphic form $ is called the Borcherds ^-function. Let 
Bq be the Bergman kernel function of fl. The Petersson norm of the Borcherds 
^-function is the T-invariant C°° function on £1 defined as 

ll*l| 2 :=^l*| 2 - 

By the T-invariance of H^H 2 , it descends to a function on fi/F, denoted again by 
||$|| 2 . Then ^([S 1 ])!! 2 is the value of the Petersson norm of the Borcherds 
function at the period point of an Enriques surface S. We refer to 100] for 
more details about the Borcherds ^-function. 

For an elliptic curve T = E T , the period of T is defined as the 5 l L2(^)-orbit 
of t e H and is denoted by [T] e H/SX 2 (Z). The quotient space U/SL 2 {1) is a 
coarse moduli space of elliptic curves via the period map. Let 

oo 

A(r) <T?\ 9 ■■= exp(2^^r) 

n=l 

be the Jacobi A-function, which is a unique cusp form of weight 12. The Petersson 
norm of the Jacobi A-function is a SL2 (Z)-invariant C°° function on H defined as 

||A(r)|| 2 := (dctImr) 12 |A(r)| 2 . 

By the SL2 (Z)-invariance of ||A|| 2 , it descends to a function on H/ST^Z). Then 
|| A([T])|| 2 is the value of the Petersson norm of the Jacobi A-function at the period 
point of an elliptic curve T. 

Theorem 13.2. The analytic space \ D)/T] x [M/SL2CZ)] is a coarse moduli 
space of FHSV threefolds. 

Proof. Since (CI \ D)/T is a coarse moduli space of Enriques surfaces Chap. 8, 
Ths. 21.2 and 21.4] and since M/SL<2(Z) is a coarse moduli space of elliptic curves 
via the elliptic j-function, it suffices to prove that X^g^ = V(S',t') if and only if 
S = S 1 and T = T' . This statement follows from Sect. 3]. □ 

13.3. A Conjecture of Harvey- Mo ore 

Following |251 Sect.V] and 1001 Sect. 8.1], we interpret a result of the third- 
named author |001 Th. 8.3] in terms of the BCOV torsion of FHSV threefolds. The 
following formula was conjectured by Harvey-Moore [201 Eq. (4.9)]. 
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Theorem 13.3. There exists a constant C such that for every Enriques surface S 
and for every elliptic curve T , 

TBcov(X (5 , T) ) = C||$([5])|| 2 ||A([r])|| 2 . 

For the proof of Theorem 13.3, we need some intermediary results. Let H^_(S, Z) 
be the invariant subspace of H 2 (S,Z) with respect to the ts-action. Let H € 
H+(S, Z) be an /,5-invariant Kahler class on S, and let v £ H 2 (T, Z) be the gener- 
ator with f T v — 1. Let ir: S x T — > X^s.t) be the natural projection. We define 
ft € H 2 (JT(s ;T ) , Z) to be the Kahler class on ^(s,t) such that tt*k = H + v. By |58 |. 
there exists a unique Ricci-flat Kahler form 7 = 7k on X^g T ^ with Kahler class ft. 

By |58| again, there exist a unique Ricci-flat Kahler form on S and a unique 
Ricci-flat Kahler form jt on T such that 

tt*7« = 7ff + 7t, [th] = #i [7t] = v. 
Let (•, •) denote the cup-product pairing on H 2 (S, Z). Since J T v = 1 and (a, 6) = 
J*g a A 6 for a, 6 € -ff 2 (<S, Z), we get 

(13.2) Vol(X (SiT))7 ) = \ J_Jj£$- = ^3 

By the Ricci-flatness of 7, Remark 4.2, and (13.1), we get 

(13.3) A(X iStThl ) = Volp% T) , 7 )x( x c^>>/ 12 = 1. 
Lemma 13.4. The following identity holds: 

Vol L2 (i/ 2 (X (s , T) ,Z),ft) = ^. 

Proof. Let H^_(S x T, Z) be the invariant subspace of H 2 (S x T, Z) with respect to 
the is x (— l^)-action. Similarly, let H^_(T, Z) be the invariant subspace of H 2 (T, Z) 
with respect to the — l^-action. We have 

ir*H 2 (X {SXh Z) {l = Hl(Sx T,Z) = #J.(S,Z) #+(T,Z) = ff 2 (5,Z) ®Zv. 

By [21 Chap. 8, Lemma 15.1 (hi)], there exists an integral basis {ei,...,eio} of 
H\{S,Z) such that 

(13.5) det«e i ,e j )) 1 < i , i < 10 = -2 10 . 

By (13.4), we fix the basis {ei, . . . , §10, v} of H 2 (X(s,T)^) fT such that 

7T*(eY)=ei (1 < * < 10), tt*(v)=v. 

Recall that the cubic form c = cx (s T) on H 2 (X^s.T),1^)h was defined in Sect. 4.4. 
Then we get 

C (e„e,,ft) = l sxT ^i^**=^t)s J~ SxT ^ e ^ H+ ^ = 
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c (v,v,k) = — ^73/ vAvA ^=if vAvA(ff + v)=0, 
«♦. *•«) - j^f / 5xT « («•«)* - jfSjt / SxT v A (H + v)» - ^(fl, fl), 

*-«•"> - wh?U^' = wt?L {H+vf - ^■"■ H) - 

By Lemma 4.12 and these formulae, we get 

,„ .0, , 3 cfej, k, k)c(ba, k, k) . . (ej, H) (e,-, H) 1. . 

Wfe.e^, = - ' -cfr.e,-,*) = 

ic ^3/- -\ 3c(ei,K,K)c(v,K,K) _ l{ei,H) {H,H) 1 

(2.) < ei ,v) iV = - — _ c ^-)-- 2 ^wjr } — ~ 2 (^H) = 0, 

,„ .,, . 3c(v,t k)c(v.k.k) , N 1 (H, H) (H, H ) 1 , 

= 2 c^U = 4 { H,H) - 4 

which yields that 

Vol L2 (ff 2 (W (s , T) ,Z), K ) 



det 



l<ij<10 



(13.6) ' ' V( e *' v )i 2 ,K ( v 7 v )l 2 ,k 

= (2T) -, 2 - M (g^ det ( (e ,, ej) _ 2 feM> 

Define a 10 x 10 symmetric matrix Ahy A — ((ei,ej)). Write H — J2i=i hi e i 
and define a column vector h e Z 10 by h = (/ij). We set 

(Ah) ■ (*hA) 

B := A - 2 1 / 1 i. 

'hAh 

Since A is invertible and since *hAh = (H,H) > 0, we get the decomposition 
R w = the (Ah)- 1 . Since Bh = Ah and Bx = Ax for x e (Ah)- 1 , we get 
detB = - det A = 2 10 by (13.5), which, together with (13.6), yields that 

Vo\MH 2 (X (s , T) ,Z),n) = (2n)-^2- w ^ dctB = gg. 

This completes the proof of Lemma 13.4. □ 

Let Oh (resp. Or) be the 9-Laplacain of (S,jh) (resp. (T, 7r)) acting on 
C°°(5) (resp. C°°(T)). We define 

A±(S) := {/ G C°°(S); t* s f = ±/}, A±(T) := {/ e C°°(T); (-1 T )*/ = ±/}. 

Since (resp. —It) preserves 7# (resp. 7t), Djj commutes with the ts-action on 
C°°(S) and Ot commutes with the (— Inaction on C°°(T). Hence Oh preserves 
A ± (S), and O t preserves A ± (T). We set 

0% := H \ A ±(sy O^ :=O t \a±(t)- 

Let Ch( s ) ( res P- Ct( s )) be the spectral zeta function of O h (resp. Ofy. Then 
Ch(s) and Cr( s ) converges absolutely for Res » 0, they extend meromorphically 
to the complex plane C, and they are holomorphic at s = 0. 

Lemma 13.5. The following identity holds 

logT B cov(X (s , T) , 7 ) = -24 (C+)'(0) - 8 {(C+)'(0) - (G)'(0)} . 
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Proof. See [23 Sect. V], in particular [23 Eqs. (5.3), (5.9), (5.10)]. □ 

Remark 13.6. The signs in gSJ Eqs. (5.10), (5.11)] are not correct. In [23 Eqs- (5.10), 
(5.11)], the formula logdet'nf = (Cf)'(0) was used, while the correct formula is 
logdet'D± =-(C±)'(0). 

Lemma 13.7. There exists a constant Co such that for every Enriques surface S 
and for every Kahler class H on S, the following identity holds 

8{(C£)'(0) - (G)'(0)} +4 \og(H,H) = -logH^C^DH 2 +C . 

Proof. The result follows from [S3 Eq. (8.3)] and 62, Lemma 4.3, Eq. (4.4)]. □ 

Lemma 13.8. There exists a constant C\ such that for every elliptic curve T, 

24(C+)'(0) = -log||A([T])|| 2 + C 1 . 

Proof. Since Cr( s ) = Ct ( s ) by EB1 P-166 1.8 and 1.10] and since (J (s) + £^ (s) is the 
spectral zeta function of Qr, the result follows from the Kronecker limit formula. 
See e.g. H Th. 4.1] or 10, Th. 13.1]. □ 

13.4. Proof of Theorem 13.3 

By Lemmas 13.5, 13.7, 13.8, we get 

(13.7) logT BC ov(*(5,T),7) = log(||$([5])|| 2 || A([T])|| 2 ) + 4 \og(H, H) -C - C x . 
By (13.2), (13.3), (13.7) and Lemma 13.4, we get 

tbcov(X(s,t),j) 

= Vo1(X (S ,t) ,^r 3 Vol L2 (H 2 (X [3 ,T) , Z) , W ) ~ 1 AX(S,T) , 7) ^BCOV {X (3 ,T) , 7) 

_ f (H,H) y 3 ( (H, H) \ -1 |l$([5])|l 2 ||A([T])|| 2 (g,g) 4 

V 2 5 tt 3 J ^ 2 35 tt 33 J eCo+d 
= C||$([5])|| 2 ||A([T])|| 2 , 

where we set C = 2 50 7r 42 e~ Co ~ Cl . This completes the proof of Theorem 13.3. □ 
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